A SEQUENCE OF BLOWING-UPS CONNECTING MODULI OF 
SHEAVES AND THE DONALDSON POLYNOMIAL 
UNDER CHANGE OF POLARIZATION 
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ABSTRACT. Let H and H be two ample line bundles over a nonsingular projective 
^4 [ surface X, and M(H) (resp. M(H')) the coarse moduli scheme of i/-semistable 

(resp. .ff'-semistable) sheaves of fixed type (r = 2,Ci,c 2 ). In a moduli-theoretic 
way that comes from elementary transforms, we connect M{H) and M(H') by a 
sequence of blowing-ups when walls separating H and H ' are not necessarily good. 
As an application, we also consider the polarization change problem of Donaldson 
■ polynomials. 

< 

! Introduction 
-i— > . 

Let X be a nonsingular projective surface over C, H an ample line bundle on X, 
and Mh(ci, c 2 ) the moduli scheme of S-equivalence classes of rank-two .ff-semistable 
sheaves on X with fixed Chern classes (ci, c 2 ) G Pic(Jf) x Z. It is projective over C. 
(See Section 1 for walls and chambers.) 

Fix two ample line bundles Hi and H 2 on X which lie in neighboring chambers 
of type (01,02). In this article, we first connect iW^ (01,02) with M# 2 (01,02) by a 
sequence of blowing-ups and blowing-downs 
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(0.1) 



M Hl (c u c 2 ) M 2 M H2 ( Cl ,c 2 ) 

in a natural, moduli-theoretic way which comes from elementary transforms. As 
an application, we study the exceptional divisor Ei of fa in (0.1) to observe the 
following fact, which originates in differential geometry, from an algebro-geometric 
view: Donaldson polynomials of X are independent of the choice of its Riemannian 
metric when b^{X) = 2p g (X) + 1 > I. 

We explain the content of this paper. In Section 1, we remember some back- 
ground materials including the notion of a-stability (0 < a < 1), which originally 
was proposed by Ellingsrud-Gottsche [3] and others, and the coarse moduli scheme 
M a (ci,c 2 ) of a-semistable sheaves of type (01,02). Lemma 3.10 and 3.11 in [3], that 
we shall recall at Lemma 1.6, say that when one wants to compare with M# 2 , 
he suffices to see how a-stability of sheaves changes as parameters a do. In Section 
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2 we pick parameters a_ < a + which are in adjacent minichambers (Definition 1.5), 
and endow the subset 

M_ := M a _(c 1 ,c 2 ) D P- = {[E] | P is not a + -semistable} 

with a natural subscheme structure. In Section 3, we shall connect M_ and M + = 
M a+ (ci, c 2 ). Suppose for simplicity that M_ has a universal family Then there 
is a relative family of Harder-Narasimhan nitrations for a + -stability 

0— >.F— >Wi|xxp_ — >0— >0, (0.2) 

which is an exact sequence of P_-flat sheaves over X P _. For the blowing-up 0_ : 

M_ -> M_ along P_, we modify U- := (id X0_)*W_ to a new M_-flat sheaf W+ 
over Xj^_ by using elementary transforms. This W+ is accompanied by an exact 
sequence 

^g®0 E {-E) — > ^P^O, (0.3) 

where P is the exceptional divisor of 0_, JF = (id X0„)*JF, and so on. In Lemma 3.1 
and Lemma 3.3, we verify that this exact sequence (0.3) relates with the infinitesimal 
relative obstruction theory of P_ C M_. As a corollary W + is a flat family of a + - 
semistable sheaves, so it leads to a morphism + : M_ — > M + . In Section 4 we prove 
that + is in fact the blowing-up of M + along 

M + D P+ = { [P] | P is not a_-semistable} . 

We therefore arrive at blowing-ups 

M_ M_ M+. 

In Section 5 we pay attention to the morphism P — > Pic(X) x Hilb(X) x Hilb(X) 
deduced from T and Q at (0.2). 

We begin Section 6 with reviewing algebro-geometric analogy of Donaldson poly- 
nomials ([17]) 7^(02) : Synt^ 2 -* NS(X) — > Z, where H is an ample line bundle on 
H, c 2 an integer, and d(c 2 ) a certain constant depending on c 2 . 7^ is defined from 
Mff(0, c 2 ). As an application of arguments in the preceding sections, we prove the 
following result in Section 6, 7 and 8: suppose that ample line bundles Hi and H 2 
are in neighboring chambers of type (0, c 2 ) separated by a wall of type (0,c 2 ), say 
W. Now denote by A + (W) the set of all the triples f = (f,m,n) € Num(X) x N x2 
which satisfy / G 2Num(X), H 1 ■ f > 0, m + n = c 2 + (/ 2 /4), and the set 

= {x G Num(X) I x • / = 0} 

is equal to W. Then, for f G A + (M^) one can define a homomorphism C(c 2 ,f) : 
Sym d(c2) NS(X) -> Z such that 

In Section 2 we shall divide Pi into UfeA+(a) ^1 as a disjoint union of components 
in a natural way, and C(c 2 , f) is the contribution of Pf to 7^ — 7// 2 . Let Pic^ 2 (X) 
designate an open subset of Pic(X) 

{L G Pic(X) I [2L] = f in Num(X)}. 
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Proposition 0.1. Suppose that q(X) = and that some global section k G T(Kx) 
gives a nonsingular curve JC C X . Let S be any compact subset of the ample cone 
Amp(X). Then there are constants do(S), d\{X) and d2{X) depending on S such 
that the following hold: 

Assume that f = (f,m,n) G satisfies that 

(i) the functions T f = Pic //2 (X) x Hilb m (X) x Hilb n (X) -> Z defined by 

(L,Z 1 ,Z 2 ) ^dimExt^(£>(L) <g> I Zl ,G(-L) <g> I Za ) and 
(L, Z U Z 2 ) ^dimExt^(C(-L) ®I Z2 ,0(L) ® I Zl ) 

are locally- constant, and that 

(ii) -f 2 > (4/3)c 2 + d 1 (S) y /c^ + d 2 (S). 
Then C(c 2 ,f) is zero if c 2 > d (S). 

How strong are these conditions (i) and (ii)? As to (ii), recall that / G NS(X) 
defines a wall of type (0,c 2 ) if W f H Amp(X) ^ 0, / = mod 2Num(X) and 
< — f 2 < 4c 2 . Thus the condition (ii) is relatively weak when c 2 is sufficiently 
large with respect to S. The condition (i) is more strict, while this is always valid 
when X is a K3 surface. We prove Proposition 0.1 in Section 6, 7 and 8. Roughly 
speaking, it is important to grasp the structure of the exceptional divisor of fa at 
the sequence (0.1). 

Next, let us explain the background and characteristics of this article. At least 
two methods have been developed for the purpose of connecting M Hl and M H2 by 
a sequence of morphisms, which are often birational. First, Matsuki-Wentworth 
[19] succeeded to reduce this problem to a subject concerning Thaddeus principle 
[26], which considers how the GIT quotient R SS (L)//G varies as a C7-linearized 
polarization L does, where R is a quasi-projective scheme on which a reductive 
algebraic group G acts. Second, by using elementary transforms Ellingsrud-Gottsche 
[3] and Friedman-Qin [7] constructed a diagram of blowing-ups (0.1) when walls of 
type (ci,c 2 ) separating Hi and H 2 are good. This implies that 

M Hl (c u c 2 ) d P 1 = {[E] | E is not # 2 -semistable} (0.4) 

is non-singular. One can say that the good point of using elementary transforms for 
this problem is definiteness; the centers of blowing-ups in (0.1) are directly described 
in terms of moduli theory. One can also relate universal sheaves of moduli spaces 
in (0.1) very concretely. Thanks to such definiteness, it should be possible to derive 
interesting properties of this flip with the help of moduli theory. Consequently we 
can in this article investigate exceptional divisors via the obstruction theory of uni- 
versal families. Above-mentioned papers [3] and [7] stimulated the author to write 
this article. However the hypothesis that walls are good is rather strong, especially 
in case where k(X) > 0. In this article we make no assumption on walls, so we have 
to proceed more carefully. For example, in obtaining the sequence (0.1), we have to 
watch not only tangent spaces but also much more about infinitesimal behavior of 
Pi C M Hl at (0.4); see Section 3, 4 and 5. As to the wall-crossing formula of Donald- 
son polynomials, after completing this work the author realized that Mochizuki [20] 
shown the independence of 7zf(c 2 ) from H when p g > 0. Mochizuki's method uses 
Thaddeus' master spaces and the localization theorem by Graber-Pandharipande 
[10], and quite differs from ours. 
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Notation. (i) A scheme is algebraic over C. For a surface X, Num(X) is 
the quotient of Pic(X) modulo the numerically equivalence. Amp(X) C 
Num(X) (g>^ R is the ample cone of X. For a closed subscheme D of S, 
Id = Id,s means its ideal sheaf. The stability of coherent torsion-free 
sheaves is in the sense of Gieseker-Maruyama. 
(ii) For T-schemes / : X — > T and g : S — > T, let X$ denote X XtS. Let 
JF be a sheaf on X, and D C T a subscheme. We often shorten a sheaf 
(idx Xfi 1 )*-? 7 on ATs to g*F, and shorten T\x D to T\r>. horn and ext 1 indicate, 
respectively, dim Horn and dim Ext*. 

1. Background materials 

In this section let us review some background materials introduced in [3] and [24] . 
Let X be a nonsingular surface, and fix a line bundle c\ on X and an integer c 2 such 
that 4c 2 - c\ > 0. 

Definition 1.1. (i) For / e Num(X) we define W f C Amp(X) by 

W f = {xeAmp(I) \ x -f = 0}. 

f is said to be define a wall of type (ci, c 2 ) if W$ is nonempty, < — f 2 < 
4c 2 — c\ and / — c± is divisible by 2 in Num(X). Then is called a wall 
of type (ci,c 2 ). 

(ii) chamber of type (ci,c 2 ) is a connected component of the complement of 
the union of all walls of type (ci, c 2 ). Two different chambers are said to be 
neighboring if the intersection of their closures contains a nonempty open 
subset of a wall. 

For an ample line bundle if on X we denote by M#(ci,c 2 ) the coarse moduli 
scheme of if-semistable rank-two sheaves with Chern classes (ci,c 2 ). 

Lemma 1.2. (i) For H not contained in any wall of type (ci,c 2 ), M#(ci,c 2 ) 
depends only on the chamber containing H . 
(ii) The set of walls of type (ci,c 2 ) is locally finite. 

Proof, (i) is [3, Proposition 2.7]. (ii) is [24, Proposition 2.1.6]. □ 

Let H + and H_ be ample line bundles lying in neighboring chambers C + and C_ 
respectively, and H an ample line bundle contained in the wall W separating C + 
and C_, and not contained in any wall but W. Such a setting is natural because of 
the lemma above. We can assume that M = H + — H is effective by replacing H + 
by its high multiple if necessary. 

Lemma 1.3. There is an integer n$ such that if E is a rank-two sheaf with Chern 
classes (ci, c 2 ) on X then the following holds for any integer I > n : 

(i) E is H--stable (resp. semistable) if and only if E(—IM) is H-stable [resp. 
semistable) . 
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(ii) E is H + -stable (resp. semistable) if and only if E(IM) is H-stable (resp. 
semistable) . 

Proof. [3, Page 6, Lemma 3.1]. □ 
Let C denote (n + 1)M in this section, where n is that in the lemma above. 

Definition 1.4. Let a be a real number between and 1. 

(i) For a torsion-free sheaf E, we define P a (E) by P a (E) = [(1 — a)x(F(— C)) + 
a X (E(C))}/rk(E). 

(ii) A torsion-free sheaf E on X is said to be a-stable (resp. a- semistable) if 
every subsheaf F C F satisfies P a (F(lH)) < P a (E(lH)) (resp. P a (F(lH)) < 
P a (E(lH))) for sufficiently large integer I. 

(iii) E is a-semistable if and only if parabolic sheaf (E(C), F(— C), a) is parabolic 
semistable with respect to H. Hence from [28], there is a coarse moduli 
scheme of S-equivalence classes of a-semistable rank-two sheaves with Chern 
classes (01,02) on X, denoted by M a (ci,C2). This is projective over C. 
M*(ci,C2) C M a (ci,c 2 ) denotes the open subscheme of a-stable sheaves. 

Remark that Mq(c\,C2) (resp. Mi(ci,C2))is naturally isomorphic to Mh_{c\,C2) 
(resp. Mff + (ci, C2)) by Lemma 1.3. So we would like to study how M a (c\, C2) changes 
as a varies. 

Definition 1.5. For a real number < a < 1, A + (a) is the set of (f,m,n) G 
Num(X) x Z> satisfying that is equal to the wall W dividing H + and 
iJ+ • / > 0, m + n = c 2 - (cf - / 2 )/4, and m - n = (/ • (d - AT x ))/2 + (2a - 1) (/ • C) . 
a is called a miniwall if A + (a) is nonempty. Remark that the number of miniwalls 
is finite. A minichamber is a connected component of the complement of the set of 
all miniwalls in [0, 1]. Two minichambers are said to be neighboring if their closures 
intersect. 

Lemma 1.6. Let a_ < a + be in neighboring minichambers separated by a miniwall 
a. For torsion-free rank-two sheaf E with Chern classes (ci, c 2 ), the following holds. 

(i) If E is a- -semistable and not a + - semistable, then E is given by a nontrivial 
extension 

— > O x {F) ®I Zl ^E^ O x {ci - F) <g> I Z2 — > 0, (1.1) 
where Z\ and Z 2 are zero- dimensional subschemes of X such that 

(2F-c 1 ,l(Z 1 ),l(Z 2 ))eA + (a). (1.2) 

(ii) Conversely suppose that E is given by a nontrivial extension (1.1) satisfying 
(1.2). TTien F is a_-stable, strictly a-semistable, and not b-semistable for 
any b > a. 

Proof. [3, Lemma 3.10 and 3.11]. □ 

We fix ample line bundles H± and H, and neighboring minichambers a_ < a + 
separated by a miniwall a. We shorten M a± (ci,c 2 ) to M±(ci,C2) for simplicity. 
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2. SUBSCHEME CONSISTING OF NOT a + -SEMISTABLE SHEAVES 

In this section we shall give a natural subscheme structure to a well-defined subset 

M_ D {[E] | E is not a + -semistable} (2.1) 

contained in Mi. This closed subscheme shall be the center of a blowing-up later. 

We begin with a quick review of the construction of M±(ci,c 2 ) = M± referring 
to [28]. Let J--(ci,c 2 ) (or JF + (ci, c 2 ), resp.) denote the family of all a_-semistable 
(a + -semistable, resp.) rank-two sheaves with Chern classes (ci,c 2 ) on X. By the 
boundedness of a±-semistablity, there is an integer N such that the following con- 
ditions are satisfied for any E G T-{c\, c 2 ) U F+{ci, c 2 ). 

(i) If m > N , then both E(C)(mH)\ 2 c and E(—C){mH) are generated by its 
global sections. 

(ii) If m > N , then K l {E{C){mH)\ 2C ) = and ^(£(-C)(m/r)) = for i > 0. 
We fix an integer m > Nq. Then h°(E(C)(mH)) = R is independent of £ £ 

JF + (ci, c 2 )U.F_(ci, c 2 ). We denote by Q the Quot-scheme Q u °t (_ c _ mif )eK/x' wnere 
P(l) is the Hilbert polynomial x(E(lH)) of E G JF ± (ci,c 2 ). On Xq there is the 
universal quotient sheaf r : Xq (— C — mH)® R — > W. Now let <5± ( or Q±, resp.) 
be the maximal open subset of Q such that, for every t G Q± (Q±, resp.), 

H°(t (C + mH) <g> k(t)) : A;(t) ffii? -> #°(W(C + mif) <g> fc(i)) 

is isomorphic, W <E> satisfies the hypothesis (i) and (ii) above, and U <E> is 
a±-stable (a ± -semistable, resp.). Let us denote the universal quotient sheaf of Q± 
by U± G Coh(X Q ss). G = PGL(i2, C) naturally acts on Q£ and Q%. By [28] we can 

construct a good quotient of Q± (or Q±, resp.) by G when m is sufficiently large. 
This quotient turns out to be the moduli scheme M±(ci,c 2 ) (M±(ci,c 2 ), resp.). 
Moreover, because a a±-stable sheaf is simple, one can prove that the quotient map 
7r± : Q± — > M±(ci,c 2 ) is a principal fiber bundle with group G [22] in a similar 
fashion to the proof of [18, Proposition 6.4]. 

Now we try to give a closed-subscheme structure to the subset (2.1). For f = 
(f,m,n) G A + (a), we can define a functor 

Q f : (Sch/Ql s ) -> (Sets) 

as follows: Q f (£ — > Q! 5 ) is the set of all S-flat quotient sheaves W_ <S>q^j O s — > Q' 
such that, for every geometric point t G S, the induced exact sequence 

— > Ker — ► W_ <g> k(t) — > Q' <g> fc(i) — ► 

satisfies that (ci - 2ci(C?'<g> fc(t)), c 2 (Ker), c 2 (C/' (g) fc(f))) = (f,m,n). This functor Q t 
is represented by a relative Quot-scheme Q f , that is projective over Q S J. On Xqt 
there is the universal quotient r f : W_ (g) (9gf — > 

Lemma 2.1. Q <8> fc(s) is torsion-free for every closed point s G Q f • 

Proof. The proof is by contradiction. Assume that Q <g>k(s) is not torsion-free, and 
denote its torsion part by T 7^ 0. Then we have a new quotient sheaf 

W_ (g) fc(s) -> G <g> fc(s) -> G" = £ <g> fc(s)/T. 
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Then P a {Q <g> k(s)(lH)) > P a (G'(lH)) if / is sufficiently large. From the definition of 
f and Q f one can show that P a (Q <g> k(s)(lH)) = P a (U- ® k(s)(lH)) for all /. So the 
quotient sheaf W_ <8> k(s) — > G" satisfies that 

P a (W_ <g> fc(s)(Zif)) > P a (G'(lH)) (2.2) 

if / is sufficiently large. On the other hand 

P a _{U-®k{s){lH)) < P a _{G\lH)) (2.3) 

if I is sufficiently large since W_ <g> /c(s) is a_-semistable. From (2.2), (2.3) and 
the Riemann-Roch theorem, there should be an integer a_ < b < a such that 
Pb(U- <S> k(s)(lH)) = P b (G'(lH)) for all I. We can easily prove that b is a miniwall, 
which contradicts the choice of a_ and a. □ 

Lemma 2.2. TTie structural morphism i = i f : Q f — > Ql s is a closed immersion. 

Proof. For s G Q f we put t = i(s). First we claim that their residue fields satisfy 
k(s) = k{t). Indeed, any member A G Qsl{k{s) / k{t)) induces another /c(s)-valued 
point 

Spec(A;(s)) Spec(A;(s)) -> Q f 

of Q f . We denote this /c(s)-valued point by s'. s and s' respectively give exact 
sequences 

>■ K >■ (W_ ® fc(f)) ® fc(s) >- Q ® k(s) ^ (2.4) 

K' (W_ ® k{t)) ® fc(s') ® fc(s') 0. 

Because of the definition of f and Q f , it holds that 

< { Cl (K) - Cl (G ® k(s))} ■ H+ and that < {c^K') - c x {Q' ® k(s))} ■ H+. 

Besides, the lemma above tells us that both Q®k(s) and Q®k{s') are torsion-free and 
rank-one. Thus two horizontal rows in (2.4) respectively give the Harder-Narasimhan 
filtration of U- ® k{s) with respect to if + -stability. Because of the uniqueness of the 
Harder-Narasimhan filtration, two quotient sheaves in (2.4) are isomorphic, that is, 
s = s'. Accordingly Gel(k(s)/k(t)) = {1}, and hence k(s) = k(t) since ch(k(t)) = 0. 

Next, % is injective and hence finite. Indeed, suppose that two points s and s' in 
Q f satisfy that i(s) = i(s') = t. Then k(s) = k(s') = k(t) as mentioned above, and 
we have two exact sequences 

K > U- ® k(t) g ® k(s) 

> K' »■ U- ® k(t) ® k(s') Q ® k(s') ^ 0. 

Then one can prove that s = s' in Q f , in the same way as the preceding paragraph. 

Next, % is unramified. To prove this, we only need to show that the tangent map 
T t i : T t Q f — > T s Q S J is injective. t G Q f gives an exact sequence 

— >K — >U_®k(s) — >g®k(t) — >0 (2.5) 
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on Xm s ) = Xk( t y By [14, Page 43] Ker(T t i) can be identified with Hom.x k (t)(K, Q ® 
kit)), which is equal to zero because (2.5) gives the Harder-Narasimhan filtration of 
U- ®k(s). 

Last, % is a closed immersion. Since % is injective and unramified, the fiber i~ l {t) is 
naturally isomorphic to Spec(/c(s)) for s G Q f . Since i is finite, i~ l {t) is isomorphic to 
Spec^Ogf ®k{t)). These facts tell us that the natural homomorphism C>Qss(E)k(t) — > 
i^Oqt <S> k(t) is surjective since k(t) = k(s). So Oqt — > 2*0Qf itself should be 
surjective. This means that a finite morphism i is a closed immersion. □ 

We therefore obtain a closed subscheme Q f of Ql, which is contained in Qt 
by virtue of Lemma 1.6. Remembering the way to define the natural action a : 
G x Q s _ — > Ql, one can verify the following: 

Lemma 2.3. Denote by a_ : G x Q s _ —> Qt the natural action of G on Qt- Then 
the morphism id xa_ : G x Q s _ — > G x Ql satisfies that (id xo r _)(G x Q f ) =GxQ f 
as subschemes of G x Q f . 

This lemma means that 

pr; Qf = Oa xQt = (i<fc xa_)^ xQf = W*_O q( (2.6) 

as quotient sheaves of Oq x q S . Since 7r_ : Qt — > Ml is a principal fiber bundle with 

group G, (<7_,pr 2 ) : G x Qi — > Ql x M ± Qt is isomorphic. Thus, the identification 
(2.6) corresponds to an isomorphism 

a 2 : W * 2 Q( ^ W \0 Q{ (2.7) 

of quotient sheaves of Oqs XM Qf_, where pr^ : Qt x M s_ Q s _ — > Q s _ is the i-th pro- 
jection for i = 1,2. Since (2.6) results from Lemma 2.3, one can check that 
the isomorphism (2.7) satisfies that pr^a^) ° P r 23( a 2) = P r i3(«2), where pr^- : 
Qt ><mi Qt Xm! Qt — > <?1 x M s Ql is the (i, j)-th projection. 

By faithfully-flat quasi-compact descent theory, we get a coherent sheaf T on M_ 
and a homomorphism p' : — > JF such that 7r* JF = Ogt and that 7r* (p') = p f . 
This p' : Omi - ► ^ should be surjective since 7r_ : Ql — > Ml is faithfully-flat, and 
hence p' gives a closed subscheme P f of Ml such that 7rZ 1 (P f ) = Q f . On the other 
hand Q f is a closed subscheme of Q S J fixed by G, and so P f = 7i-(Q f ) is closed not 
only in Ml but also in M_ by the property of good quotient. Summarizing: 

Lemma 2.4. The closed subscheme Q f of Ql s obtained in Lemma 2.2 descends to 
a closed subscheme P f of M_ such that nZ 1 (P f ) = Q f , where 7r_ : Ql s — > M_ «s 
t/ie quotient map. P f is contained in Mt- Set-theoretically, UfeA+(a) -P f coincides 

with the subset (2.1). Both Q f f)Q f ' andP f (~)P f ' are empty iff andi' are mutually 
different member of A + (a). 

At the end of this section, we define a closed subset 

M + D { [E] | £ is not a_-semistable} (2.8) 
similarly to the above M_. First we define — f. 

Definition 2.5. For f = (f,m,n) G A+(a), we define -f G Num(X) x Z£jj by 
-f = (-f,n,m). 
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In the same way as the case of i f : Q { — > Q S J and P f C Q S J, we can show that 
a projective <5+-scheme Q~ { can be defined; the structural morphism i~ f : Q~ f — > 
<5+ is a closed immersion which factors through Q s + ; by using faithfully-flat quasi- 
compact descent theory, we can obtain a closed subscheme P~ f C M£ such that 
nl~ 1 (P~ f ) = Q~ f ; for different members f and f of A + (a), we see that P~ f fl P~ f ' is 
empty; set-theoretically, UfeA+(a) ^ f coincides with the subset (2.8) of M + . 



3. A SEQUENCE OF MORPHISMS CONNECTING M_(ci,C 2 ) WITH M+(ci,C 2 ) 

Let V_ be a closed subscheme UfeA+(a) ^ f °f Q-i an d V 9 - : Q- ~^ Q- the 
blowing-up of <51 s along V_, with exceptional divisor D-. Similarly, let P_ be a 

closed subscheme Ufe J 4+(a) ^ °^ ^f-> an d 0- : — * ^f- tne blowing-up of M_ 
along P_, with exceptional divisor EL. 



f c 



v - = U f Q 



p =U f ^ fc 



M_ 



M_ 5 E_ 



Because ipZ 1 nZ 1 (P-) = </?_(VL) = P_ is an effective Cartier divisor on Qz 3 , a 
morphism n_ is induced. In this section, we begin with constructing a morphism <p + : 
Qj U sing the method of elementary transformation. Joining the universal 

quotient sheaf U^\x f -» £7 = of Q f , we have a quotient sheaf -» on 

Xy_ = ]J f Xgf. This results in an exact sequence 



V- 



(3.1) 



of VL-flat Xy_-modules. Pulling back this by idx X(^_ 
exact sequence of P_-flat sheaves 



: X D _ — > X v _, we get an 



\D- 



(3.2) 



on X D _. Now let WL denote Ker(W_ -» W_|_d_ — > <?), that is, 



o — > >v + — > w_ — >g — > 



(3.3) 
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is exact. From [6, Lemma A. 3] W + is flat over Q s ^. (3.2) and (3.3) induce a 
commutative diagram on Xq ss 



^UJ-DJ) ->V 4 



*U-(-D-) ^U-\ D _ 

h 











(3.4) 



whose rows and columns are exact. The second column of (3.4) gives rise to an 
exact sequence 



— Tor, Q - (Q, O xo _) = G{-D_) — W+ 



Xr 



U- 



Xr 



From (3.4), this results in an exact sequence 



f\D_ 



o — > g(-D-) — > w+u D _ ^ — > o. 



(3.5) 



(3.5) and the first row of (3.4) induce the following commutative diagram on Xq 3S : 



(3.6) 



W + (-D_) W_(-£L) — G(—D_) 



>W+(- J D_) 



W 4 



W+| D _ ^0 

S\d_ 







such that its second column is equal to the first row of (3.4), and that all rows and 
columns are exact. For homomorphisms h in (3.4) and h in (3.6), one can find an 
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isomorphism j g : Q(—D_) — > Q(—D_) such that 

— G(-D-) (3.7) 

is 

W-r>_) _ 
U-(-D-) — s-Q(-D-) 

is commutative, in view of the uniqueness of the Harder-Narasimhan filtration and 
the simplicity of torsion-free rank-one sheaf. 

Now we recall some obstruction theory. By the exact sequence 

— > O d _ (-£>_) — > G 2D _ — > O d _ — > 0. (3.8) 

and (3.2), we have the following commutative diagram on X 2 d_ whose rows and 
columns are exact: 

(3.9) 



>■ JF(— _D_) * U_ <g> £> D _ (-£■_) £(-£>-) 

U-\x 2D _ 







From this we can get a complex !F{—D ) — —> U-\x 2D G, an d check that its 

middle cohomology B = KerG/ ImF is a -module. Then, again from (3.9) we 
can deduce an exact sequence 

— >G(-D-) B T — >0 (3.10) 
of _D_-flat Ox D _ -modules. 

Lemma 3.1. The following conditions are equivalent for a closed point t of D-: 

(i) TTie ezarf sequence 

— ► <?(-£>_) <g> fc(i) — ► £? ® fc(t) — ► JF <g> k(t) — ► (3.11) 

induced from (3.10) is trivial; 

(ii) Let m t C Oq SS be the maximal ideal defining t and I the integer such that 

lD-,t C fh\ and that Io-,t <t- 7t4 +1 . Then there is a morphism pi + i : 
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Spec (C^/m^ 1 ) -> V_ = [Jf Q f sucfc too* 



Spec(0Q„/0(-.D_) + m^ +1 )c D 



Spec^/m'+^c 




(3.12) 



is commutative. 

Proof. We put A = O^/m? 1 and A' = OQ es /(0(-D_)+m l t +1 ), which are Artinian 

local rings. Tensoring A to (3.8), we have the following commutative diagram whose 
rows are exact. 



O 



-D. 



O. 



2D- 



A 



o 



D- 







/ = O(-D-) +m\ +1 /m l t +1 



A 



■0 

(3.13) 
■0 



Remark that / is a fc(i)-module because of the choice of I. From its bottom row and 
(3.2) we get the following commutative diagram on Xa whose rows and columns are 
exact, similarly to (3.9): 







(3.14) 



> T m <g> I >- U m <g> I >■ Q m <8> I >■ 



\x A 



*-F®n A' 



■U-\ Xe 



• < 




Q® D _ A' ^0 



~ F' ~ G' ~ 

Then one can deduce a complex J~k{t) ® I — ► U-\x A , — ► Q ®d_ A' and an exact 
sequence of X^z-modules 

— ► Q m <g> J — >B' = KerC'/ImF' — ► F® D _ A' — > 0. 



(3.15) 



Now recall that obstruction theory shows the following fact [14, Page 43]. 



Fact 3.2. The exact sequence (3.15) is trivial if and only if the condition (ii) in 
Lemma 3.1 is satisfied. 
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From the commutativity of (3.13), we can make a homomorphism B <S>D- A' — > B' 
such that 



>■ Q(-D-) ® D _A' = G(—D-) ® Q A > B ® D _ A' »- F® D _ A' 







Qk(t) ®I = G ®Qs_s I 



(3.16) 



B' 



A' 



is commutative, where the first row is obtained by tensoring A to (3.10), and the 
second row is (3.15). Further, the homomorphism q in (3.13) gives a surjective 
homomorphism q <g> k(t) : Od_ <E>d_ k(t) -» I, which should be isomorphic because 
rkfc( t )C?D_(— ® k(t) = 1 and 7^0. Accordingly we obtain a commutative 
diagram 



Ext^jF <g> A', G{-D_) ® A') »- Ext^jF <g> A', g m <g> /) 




(3.17) 



Ext^,(.F® A', £(-£>_) ® fc(t)) ^_Ext^ (t) (JF fe(t) ^(- J D_) fe(t) ), 



where 7i t is a natural homomorphism A' — > /c(t). Remark that 7r* is isomorphic since 
T is LL-flat. Let A e Ext^ ; (J" ® A', Q(-DJ) <g> A') be the extension class of the 
first row of (3.16). Then one can prove that (71^ ) _1 (7T t *(A)) is the extension class of 
(3.11) and that q*(X) is the extension class of (3.15) by using the commutativity of 
(3.16). Because (q<S> k(t))* is isomorphic, (7r t *) _1 (7r^(A)) = if and only if 9* (A) = 0. 
This and Fact 3.2 complete the proof of this lemma. □ 



Lemma 3.3. There is an isomorphism r : W + \x D _ — ► B such that the following 
diagram is commutative: 

^Q{-D_) *W+\x D _ -0 (3.18) 

jg r 

Q(—DJ) — B q —+ T ^ 



Here the first row is the third column of (3.6), the second row is (3.10), and j g is 
the isomorphism in (3.7). 
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Proof. Tensoring 2 d_ to (3.4), we have a commutative diagram on X 2D _ 

G(-2D_) -0 (3.19) 



f\2D_ 

U-(-D_)\ 2D _ -^W + \ 2D _ -jr 







U-(-D_)\ 2D _ *U-\ 2D . 

h\ 2D _=G 



-D- 











whose rows and columns are exact. In this diagram h\ 2 n_ clearly is equal to the 

n 

homomorphism G defined just below (3.9), and so r factors into W + \ 2 d_ -»lmr — 
KerG — > U-\ 2D _. One can readily check that 



+ \2D. 
ri 




(3.20) 



KerG *■ B = KerG/ ImF 



is commutative by the definition of q in (3.10). Since B is naturally regarded as 
an Ox D -module, we can induce a homomorphism r$ : W+|_d_ — > B such that the 
left side of (3.20) becomes commutative. Then one can also check the right side of 
(3.20) is commutative, since W + \ 2 d_ — > W + |d_ is surjective. Therefore the right 
side of (3.18) is surely commutative for this r . 

Next, by the definition of p in (3.10) one can readily check that 

h(-D-)\ 2D _ 

U-{-D_)\ 2D _ 



W 4 



fc' 



2D_ 



n 



KerG 



B 



is commutative, where h\ 2D _ and k' are those of (3.19). We have also the following 
commutative diagram: 



UJ-D. 



\2D- 



— W+| 2D _ — KerG 



h\2D_ 



G(-D-) 



W 4 



ro 



\D. 



B, 
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where the left side is the upper-right side of (3.6), and the right side is the left side 
of (3.20). These two commutative diagrams gives rise to a commutative diagram 

U_{-D_)\ 2D _—^g(-D_) ^W+\ D _ (3.21) 



ro 



U-{-D_)\ 2D _ hTT) g{-D_) >B. 

Then we can prove the right side of (3.18) is commutative from (3.7) and the sur- 
jectivity of h\2D-- D 

Corollary 3.4. Let t G D- be a closed point. Then the exact sequence 

— ► Q(—D_) <g> k{t) — ► W+ <g> k(t) — ► f <g> kit) — ► 

induced from the third column of (3.6) is nontrivial. 

Proof. Suppose not. Then Lemma 3.1 and Lemma 3.3 lead to a morphism pi + i : 
Spec(0Q SS /rr4 +1 ) — > V_ such that (3.12) becomes commutative. This p t+1 induces a 

Qi s -morphism q l+1 : Spec(Cg S3 /m' +1 ) — > Qi s Xq« V- = D_. Thus I D _ is contained 

in m[ +1 , which contradicts the choice of / in Lemma 3.1. □ 

From the corollary above one can show that W+ <S> k(t) G Coh.(X k ( t )) is a+- 
semistable for every point t G Q S J in a similar fashion to the proof of Lemma 1.6 
(ii). This sheaf W + accordingly gives a morphism <p + : Q S J — > M + . Now we intend 
to construct a morphism + : M_ — > M + such that + o 7r _ : Ql s — > M + is equal to 
<p + . 

Lemma 3.5. The natural morphism Q S J — > Qi s x M _ M_ is isomorphic. 

Proof. Q*_ denotes the open subset (0_o7f_)- 1 (Mi) of Qi s , and Mi denotes (/C^Mi). 
Because i?_ C M_ is contained in Mi it suffices to show that Qi — > Qi (g> M s Mi 
is isomorphic. Since 7r_ : Qi — > Mi is flat one can show that 7ri (Ip_ ; M±) = Iv-,Q s _-> 
and hence that 7ri(/p_ )MS ) = Iy--,Q S for any n. □ 

Using this lemma one can induce an action E_ : G x Qi s = (Gx Qi s ) x m_ M_ — > 
g« = q*j Xm _ m_ f rom the action a_ : G x Qi s -> Qi 3 . 

Lemma 3.6. yls to £/ie morphism (p + , the following is commutative: 

G x Q s _ s — Qi s 

P r 2 <P+ 

Qi s — ^ M+ 

One can prove this lemma easily. 7r_ : Q s _i — > M_ is a good quotient by er_, 
so [22, Page 8, Remark 5] and [22, Page 27, Theorem 1] imply that 7f_ : Qi s = 
Qi s Xm_ M_ — > M_ is a categorical quotient by E_. Therefore there is a unique 
morphism + : M_ — * M + such that + o 7r_ : Ql s — > M + is equal to <fi + because of 
the lemma above. 
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Consequently we can connect M_ = M_(ci,c 2 ) with M + = M + (c 1 ,c 2 ) by 

Q S L S ^— Qt s (3.22) 




P_c M_ M_ - M+ 

0+ 

when P C M_ is nowhere dense. (Without this hypothesis M_ may be empty.) 

We shall reverse M_ and M + and follow a similar argument. Let V + be a closed 
subscheme IIfeA+(a) Q~ f , and P + a closed subscheme IIfeA+(a) P~ f of M + , men- 
tioned right after Definition 2.5. Let y? + : Q+ — > <5+ be the blowing-up along V+, 
and + : M + — > M + the blowing-up along P + . Denote their exceptional divisors 
by D + C and E + C M + respectively. Then we can construct a morphism 
(p~ '■ <?+ — > M_ and make it descend to a morphism 0_ : M + — > M_. Thereby we 
get another sequence of morphisms connecting M_ and M + as follows: 

0+ "ST 0+ (3-23) 




M_ M + — - M + 

0- <P+ 



4. + : .1/ — > M + IS BLOWING-UP 

In this section we would like to compare (3.22) with (3.23) assuming that P_ is 
nowhere dense in M_. The following lemma shall be needed later. 

Lemma 4.1. Let U + be a universal quotient sheaf of on Xqss, and W + the 
Xqss -module defined at (3.3). There are an open covering (J Q U a ofQ s J, a morphism 
(p\:U a ^ Q+ such that 

Qss Jfl^ M+ 

is commutative, and an isomorphism : W + |;7 a — > (<p+)*U + of Xu a -modules. 
Furthermore, we can assume that U a D Up C ifcx^/3. 

Proof. The proof of the first part is easy, so may be left to the reader. Recall that 
both and Q S J are open subsets of a Quot-scheme Q, and that U + \Qss n Qss — 

U-\Qsj n Qss. U = Ql s \ P>- = Q s * \ V- is an open neighborhood of Q s ^ \ Q s _, and is 
contained in Q s _ s n Q a £. Let <p° + : U = Q S J \ V- -»• be a natural open immersion, 
and $° : W+|{/ — > W+|[/ an isomorphism W + |q ss \ d _ — > W_|q ss \ D _ = U-\q^\ v _ = 
U+\q*j\v_ induced from (3.3). Then <p+ and satisfy the conditions in this lemma. 
Thus we can assume that U a nUp C if a ^ /3. □ 
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Lemma 4.2. (^^ 1 (P + ) is equal to D_ = (pZ (V-) as closed subschemes in Q s _f . 

Proof. Clearly D_ C <pZ 1 (P+) from the construction of (p + . We first consider the 
case where D'_ := <pZ (P+) is a Cartier divisor of Q s _f. By virtue of the definition of 
V + , there is an exact sequence 

o — G' — Z4|x v+ — ^ — (4.1) 

of V^-flat Xv + -modules such that, for every closed point t of Q~ f , (2c\(Q' k ^) — 
c ii c 2{G'k(t))i c 2(-^I(t))) i s e q ua l f° — f- Similarly to Lemma 2.1, T' and C?' are flat 
family of torsion-free sheaves. Pulling back this by (p°^ of Lemma 4.1, we have an 
exact sequence 







on X x 1 (V+) = X D >_ nUci , where we put (tp^)*U^ 

Ker(U« -» Z^|^ny a -» that is, 

o — ► v_ — ► w° — ► r a — > 



(4.2) 

= Let V_ denote 



(4.3) 



is exact. V- is flat over U a since D'_ is a Cartier divisor of Ql s . 

Because -D1 D D-, the isomorphism <E>° in Lemma 4.1 induces a surjection 
ti+\D'_nu a -» W+\D-c\u a - Hence we have a diagram on X D /_ nUa 











Q{—D-) 



■M+\D'_nu a 



W 4 



J 7 ' 



Y 







0, 



(4.4) 



where the first row is (4.2) and the second row is the restriction of the third 
column in (3.6) to X D _ nUa . One can check that Homx D , nUa /D'_nu a {G'a, F\u a ) = 

Hom XD _ nUa /D-nu a (G' a \D-nu a , F\u a ) = by base change theorem on relative Ext 
sheaves, and so one can find r : T' a — > T\u a such that (4.4) is commutative. Then 
the following also is commutative: 











■Ul 



J a 







(4.5) 



■U-(-D. 



\u a 



W 4 



\u a 



0, 



where the first row is (4.3) and the second row is the restriction of the second column 
in (3.6) to X Ua . 

Claim 4.3. Set-theoretically, D- fl U a coincides with D'_ fl U a . 

Proof. Suppose not. Then one can find a closed point t G D'_ that is not contained 
in D_. Since t G D'_, (4.2) implies that <S> k(t) is not a_-semistable. Since 
t G" D-, (3.3) implies that W+ <S> k(t) is a_-semistable. This is a contradiction 
because U? <g> k(t) is isomorphic to W+ <8>k(t). □ 
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One can obtain the following commutative diagram by tensoring O^'nUa to the 
first row in (4.5) and Or>_ n jj a to the second row in (4.5) since D'_ D D_: 

o — *K(-D>_) 

u 

Claim 4.4. s <g> k(t) : V- (g> k(t) — > W_ (—£>_) <g> in (4.5) is isomorphic for every 
closed point t E U a . 

Proof. We have to verify this only in case where t is contained in D'_. By Claim 4.3 
t is also contained in D_. Tensoring k(t) to (4.6), we obtain a commutative diagram 

o — 

Ut 

*- F(—D-)k(t) 

whose rows are exact. ($ _1 )t is isomorphic by its definition. One can see that also 
r t is isomorphic by the uniqueness of the Harder-Narasimhan filtration with respect 
to a_-stability. Thus s' t is nonzero map. If u t is zero map, then s' t induces a nonzero 
homomorphism 

s' t : Q' a ® k(t) = Cok{T' a {-D'_) k{t) - V_ fc(t) ) - U-{-D_) m 

by (4.2). This should be injective because Q' a <S> k(t) is torsion-free and rank-one. 
This contradicts the a_-semistability of U-{—D_) k ^, and so u t should be nonzero, 
and hence injective. Then one can see s[ is injective by diagram-chasing. (4.7) 
implies the Chern classes of V-k(t) are equal to those of U-(—D-) k (t), we see that 
s' t = s <S> k(t) is isomorphic. □ 

Both V_ and U-(—D )\ Ua are C/ a -nat, and hence the claim above implies that s 
in (4.5) is isomorphic. Then also r in (4.5) is isomorphic. Because T' a is ZX_ n C/ a -flat 
and J-\u a is D- fl C/ a -flat, one can verify that D- n C/ a is equal to _D'_ fl C/ a . Since 
this holds good for every U a , we conclude the proof of this lemma in case where 
<p+ 1 (P + ) is a Cartier divisor. 

Next, we consider the case where ip+ 1 (P + ) = D'_ is not necessarily a Cartier 

divisor of Q 8 J. Let tp^ : — > Ql s be the blowing up along £>'_. Let LL and Z?'_ 

denote closed subschemes (</?^) _1 (.D_) and (<£^) _1 (£>'_) of Q-\ respectively. For 
a natural exact sequence 

— ► — ► -> O d _ — > 
on Ql s , one can verify that also its pull-back by ip_ 

— > (^ 2) )*Oq«(-I>-) — > Ofloo — — o 



Id' nc/ a 



■M+\D'_nu a - 



■ J 7 ' 



(4.6) 



fc(0 



(*■ 



fl 



(4.7) 



■U-{-D_) m 



+ k(t) 



ft 



kit) 
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(2) 

is exact. In view of this, one can check that the pull-back of (3.6) by idx xip_ 





>■ W| 2) (-i)_) ^U (2 \-D- 



W| 2) (-D-) W| 2) 



satisfies that its rows and columns are exact, where W+' ) denotes (idx x<^^)*W+, 
and so on. Now both D'_ and P_ are Cartier divisors, and we can show that 
D'_ = D_ as subschemes of Q^} in the same way as the proof in the preceding case. 

Claim 4.5. Let R be a Noetherian ring, t an element of R which is not a zero-divisor, 
and tR D / an ideal of R. Suppose that Proj J? (© J n // ri+1 ) = Proj ii (© I n /tl n ) as 
subschemes in Proj i? (©„> I n ). Then tR = I if Spec(P/J) is nowhere dense in 
Spec(P). 

Its proof is left to the reader. Now Lemma 4.2 is immediate from Claim 4.3 and 
Claim 4.5. □ 

Corollary 4.6. (0 + ) _1 (P + ) coincides with = 0I 1 (P_) as subschemes of M_. 



Proof. By Claim 4.3, closed subschemes P_ and 
Mi. Thus ^_ : ttZ^P-) = PC -> P_ and ?f 
are faithfully-flat. Hence this corollary is immediate from Lemma 4.2. 



TfZ^ 



X (P+) of M_ are contained in 

- + \p + ) = r + \p + )^r + \p + ) 



□ 



^ By the corollary above, there is a morphism A + : M_ — > M + such that <fi+ o A + : 
M_ — > M + — >■ M + is equal to + . Likewise, for U a C Ql s and y?" in Lemma 4.1, 
there is a morphism A™ : U a — > <5+ such that </?+ o A" : C/ Q — > — > is equal 
to since (<^") _1 (V r + ) = (</?+) _1 (P+) n C/ a is a Cartier divisor of U a by Lemma 4.2. 

Lemma 4.7. 



7T+ 



M_ 



is commutative. 



Proof. One can check that both + o (A + o 7r_ o i a ) : C/ a — > M + — > M + and + o 
(tt + o A") coincide with tt + o y?" : U a — > — > M + . Then this lemma follows by 
the universal property of the blowing-up 0+ : M + — > M + . □ 
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Proposition 4.8. The morphism 0_ o A + : M_ — > M + — > M_ zs egna/ to 0_ : 



Proof. First, let us verify the commutativity of 



g 



M_. 



Pulling back an exact sequence (4.1) on X v+ by idx x</? + : Xqs 
a commutative diagram on Xq SS 



Xqs S) we obtain 



o — *<p* + G' = G' 



r 



o 



whose rows are exact. Remark that WL is (5+ -flat. Pulling back this diagram by 
idx xA", we obtain a commutative diagram on Xu a 



(A«)*W_ 



(A")T (4.9) 







(Aiyg' — - (Ai)*u + \ D _ nUa 



(A")T 







whose rows are exact, because (A") 1 (D + ) = D- fl U a by Lemma 4.2. Compare 
this with a commutative diagram 











W. 



W 4 



+ 











(4.10) 



on Xq SS in (3.6). Since (A")*W + = (<y9°)*W + , an isomorphism in Lemma 4.1 
connects the second row of (4.9) with that of (4.10): 











{A a + yg' 



(A«)*W + | 



W 4 



\D_nu a 



Ua 











(4.11) 



Remark that all sheaves in this diagram are flat over D- n U a . One can check 
that two exact sequences in this diagram are relative Harder-Narasimhan nitrations 
of {A«)*U+\ D-nu a — W+\D-nu a with respect to a_-stability, and hence we get a 
homomorphism 7 : (A")*JF' — > T\u a which makes (4.11) commutative. 7 ® k(t) is 
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isomorphic for any t G D_ n U a because of the uniqueness of HNF, and so 7 should 
be isomorphic. (4.9), (4.10), and 7 induce a surjective homomorphism 

8:(A%yW-^U-(-D-)\u a . (4.12) 
In fact s ® /c(t) should be isomorphic for any closed point t G U a , since (A" )*W_ ® 
&(£) and U-{—D ) ® /c(t) has the same Chern classes. Thereby (4.12) is isomorphic, 
and hence (4.8) is commutative. From Lemma 4.7 and (4.8), one can verify 0_oA + o 
7?_ oi a : C/ Q <^-> Ql s — > M_ equals 0_ o7f_ oi Q : C/ a — > Ql s — > M_ by diagram-chasing. 
Hence (0_ o A+) o n_ : Ql s -> M_ -> M_ equals 0_ o ^_ : Ql s -> M_ -> M_. As 
mentioned in the preceding section, 7r_ : Ql s — > M_ is a categorical quotient by G. 
Therefore we conclude that o A + : M_ — > M + — > M_ coincides with 0_, thanks 
to the property of categorical quotients. □ 

From the proposition above we get a morphism A + such that 

M_— M+ (4.13) 

4>+ 




<$>- 

■\l M 



is commutative. Quite similarly, there is a morphism A_ : M + — > M_ such that 

M_— M+ (4.14) 



A_ 



</>+ 



M_ ^ — M, 

4>- + 

is commutative. Thus 0_o(A_oA + ) : M - M - M is equal to 0_ : M_ -> M_, 
and so A_oA + : M_ — > M + — > M_ should be id^_ because of the universal property 
of blowing-up 0_. Likewise A + o A_ : M + — > M + equals id^ + , and hence both A + 
and A_ are isomorphic. Summarizing: 

Proposition 4.9. As to (3.22) and (3.23), there are isomorphisms A + : M_ — > M + 
and A_ : M + — > M_ sucn t/iat (4.13) and (4.14) are commutative. In particular, 
the morphism : M_ — > M + , which is constructed by the method of elementary 
transform and descent theory, is the blowing-up of M + along W + . 

5. Some structure of P f over Pic(X) x Hilb(X) x Hilb(X) 
Let f = (f,m,n) be a member of A + (a). (3.1) gives an exact sequence 

— >F — >U-\ Qt — >g — >0 (5.1) 

of Q f -flat O x t -modules. By Lemma 2.1 both JF® k(t) and Q®k(t) are torsion-free, 

rank-one, and hence if-stable for any t G Q f . Denote by Mh(1,F, m) the coarse 
moduli scheme of if-stable rank-one sheaves on X with Chern classes (F, m) G 
Num(X) x Z. Then T and Q in (5.1) induce morphisms 7> : Q f — > M#(l, (ci + 
f)/2,m) and r g : Q f -> M H (1, (ci - f)/2,n). On the other hand M if (l,F,m) is 
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isomorphic to Pic F (X) x Hilb m (X), where Pic F (X) is an open closed subscheme 
{L G Pic(X) | [L] — F in Num(X)} of Pic(X). Thereby, using -ry and Tg we 
obtain a morphism t q : Q f -> Pic (ci+/)/2 (X) x Hilb m (X) x Hilb n (X) which has the 
following properties: Let P G Coh(X Pic ) be a universal line bundle of Pic(X), and 
let Iz 1 G Coh(XHiib m ) (resp. Iz 2 G Coh(XHiib n )) be the ideal sheaf of a universal 
sheaf of Hilb m (X) (resp. Hilb n (X)). Define F and £ e Coh(X Picx Hi ib™ x mib«) by 

J- := pr* 2 (7>) <g> pr* 3 (7 Zl ) and £ := Cl <g> pr^ 2 (P v ) ® prJ 4 (/ Z2 ). (5.2) 

Then one can find line bundles L x and L 2 on Q f such that 

J= ~ (r Q )*J- <g> Li and ~ (r Q )*£ <g> L 2 . (5.3) 

From now on, we shorten Pic (ci+/)/2 (X) x Hilb m (X) x Hilb n (X) to T = T f . 

One can show that : Q f — > T is G-invariant in a similar fashion to the proof 
of Lemma 3.6, and hence r Q descends to a morphism r_ : P f — > T, since 7r_ : 
7rZ 1 (P f ) = Q f — > P f is a categorical quotient by G. In this section we would like to 
study some structure of P f as a T-scheme. 

One can find bounded complexes F* and G* of locally-free CV-modules of finite 
rank which allow quasi-isomorphisms Tp : F* — > JF and : G* — > <?o of com- 
plexes. Let q : X r — > T be the projection. The Serre duality [12] asserts a natural 
homomorphism 

Q q : Rq* RHom XT (Hom XT (F 9 , G'), Xt [2\) 

RHom T (Rq*(Hom XT (F*, G'(K X )), O t ) (5.4) 

in the derived category D{T) is isomorphism. Now we shall deduce the following 
from this. 

Proposition 5.1. For any T-scheme f : S — > T , there is an isomorphism 

e f . q : Ext Xs/s (rg ,rT ) - Ext Xs/s (r^ ,rg (K x )) v 

of relative Ext sheaves. 

Proof. We prove this lemma only in case where S = T. It's easy to extend the proof 
to general case. As to the left side of (5.4), one can check that 

[Rg, RHom XT (Hom XT (F 9 , G'), Xt [2])]^ ~ Ext 2 ^ /T (g , F ) (5.5) 

for any integer /. Now consider the right side of (5.4). If we fix an afline open 
covering U = {Ui}i of Xt such that q : Ui <^-> — > T is affine, then we can 
construct a quasi-isomorphism 

Hom XT (F',G'(K x )) — > Hom XT (F', G (K X )) — > C {Hom XT {F\ g (K x )), U) 

to the Cech complex similarly to [13, Lemma III. 4. 2]. 

g. (C'(/Jom XT (F',^o(Xx)),U)) 

represents Rq*(Homx T (F 9 , G , (ii'x))) since C p (Hom XT (F q , Qo(Kx)), U) is <2*-acyclic. 
Therefore, for an injective resolution t T : — ► a complex 

Hom T (q*(C'(Hom XT (F', G (K X )), U)), X') 



MODULI OF SHEAVES UNDER CHANGE OF POLARIZATION 23 

represents TiHorriT (Rq*(Hom XT (F*,G*(K x ))),OT). Furthermore, for any affme 
open subset T a of T, there is a bounded complex H' of free 0T a -modules of finite 
rank and with a quasi-isomorphism 

h a :H'^ q£-(Hom XT (F',g (K x )),U)\ Ta . (5.6) 

by [21, Page 47, Lemma 1.1]. This h a and lt '■ Ot — > K* give rise to an isomorphism 

[Hom T (qX'(Hom XT (F 9 , Go(K x )), U), l^kU - 

[HomrSK^)]-! ^ [Hom Ta (H' a ,0 Ta )U. (5.7) 

Claim 5.2. This complex H' induces an isomorphism 

i a : Hom Ta ([H'] 1: O t J -> [ffomr.^ OtJU . 

Proof. As a result of the base change theorem for relative Ext sheaves [16, Theorem 
1.4], Ext Xr / t (J-q, Go(Kx)) is equal to zero. Thus one can assume that H l a = if 
I > 2. The remaining part of the proof is easy and left to the reader. □ 

From (5.6), (5.7) and the claim above, we obtain an isomorphism 

j a : [Hom T (q£'(Hom XT (F'MK x )),lJ),K')]_ 1 \ Ta - 

Hom T ([qX'(Hom XT (F 9 , Go(K x )), V)\ , O t ) \ Ta 

Claim 5.3. Let T a and Tp be afline open subsets in T. Then j a \T af3 = 3p\T aP - 

Proof. For h a and hp at (5.6), there are a bounded complex K'p of locally free 
OT a/3 -niodules of finite rank, and quasi-isomorphisms k a and kp such that 

K ^ T, * H ' 



\i'„ 



H- h -^t q£\Hom XT {F\ Q Q {K X )), U) \ Tap 

is commutative up to homotopy. This (K'g,k a ,kp) can be found by using [21, 
Page 47, Lemma 1.1] and the mapping cone complex Z'(f) [12, Page 26]. Then a 
quasi-isomorphism k a \ Tap ok a : K* afj -> q£'(Hom XT (F*, Q (K X )), U)|t Q(3 induces an 
isomorphism j a p similarly to j a . One can verify that both j a \T aP and jp\r a p coincide 
with j a p. □ 

By this claim we can glue {j a }a to obtain an isomorphism 

j ■■ [Hom T (q£*(Hom XT (F%g (K x )),U), = 

[RH<rni T (Rq*(H<mix T (F',G'(K x ))),OT)]_ 1 -> 

Hom T ([qX'(Hom XT (F\ Go(K x )), U)] x , O t ) = Ext XT/T (F , g {K x )f . 

Now this j, (5.4) and (5.5) complete the proof of this lemma. □ 

Remark that Ext XT ^ T (J r , Gq{K x )) is not isomorphic to Ext XT ^ T (Go, FoY in gen- 
eral. 

Lemma 5.4. A natural homomorphism 

f*Ext XT/T (Fo,Go(K x )) - Ext Xs/s (rF J*Go(K x )) 
is isomorphic for any T -scheme f : S — > T. 
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Proof. This lemma is immediate from base change theorem [16, Page 104]. □ 

Now let us study a T-scheme P f . 
Lemma 5.5. There is a T -morphism i_ : ¥(Ext 1 XT , T (J :r 0: Go(K x ))) — > P f . 

Proo/. We shorten P(Px£^ t/t (Po, Go{K x ))) to P_, and denote by p_ : P_ -> T its 
structural morphism. Proposition 5.1 and Lemma 5.4 lead to a natural isomorphism 

Hom P _ (p*_Ext XT/T (F , Go (K x ) ) , 0( 1) ) ~ 

r(P_,^ p _ /P _(^ ,^o ® C-(l))) - Ext^_(^o,^o ® O-(l)) 

since Hom Xr _/ ¥ _ (Q , JF ® CL(1)) = by base change theorem. A tautological 
quotient line bundle 

p*_Ext XT/T (F ,g (K x )) -» (5.8) 
on P_ gives er G Ext^ p (<?o ? -Po ® C-(l)) or an extension 

— >F ®O-{l) — >V- — >Q — >0. (5.9) 

This Xp -module V_ is P_-flat. For any point t of P_, Proposition 5.1 and Lemma 
5.4 provide us with homomorphisms 

«i o (k(t) <g> 6,) : fc(t)<8>r(p_,£a*] Cp _ / pJ0o,^o®0-(l)^ -> 

fc(i) <g) T (P_, S^ p _ /P _(^ ® O-(l), £o(^x)) V ) -> Ext^ (() (^oik(t), ^ofc(t)(^x)) v 
and 

e 90jfc(t) o k 2 : fc(i)(8)r(p_, J E?art] fp _ / p_(0o,J : 'o®O-(l))) -> 

Ext x fc( t)^ ofc ( i )'^ r ° fc (*)) Ext k( i )(^ r ° fc (*)'^ ofc (*)(^)) V ' 

where Kj are natural maps. In fact these homomorphisms are equal to each other 
because a trace map Tr g : R 2 q*(K x ) — > r is compatible with base change by [2, 
Page 172, Theorem 3.6.5]. The extension class of the exact sequence 

— > ^bfc(t) — >V_ fe ( t ) — ► ^ofe(t) — >0 (5.10) 

induced from (5.9) is equal to k 2 {o') G Ext^ fc(i) (Gok{t), -Pofc(t))- On the other hand 
«i o ® 9 g )(cr) G Hom fc ( t )(Ext^ fe(t) (J r ofc(t),^ofc(t)) ! ^W) is nonzero since (5.8) is 
surjective. Therefore we see that (5.10) is not trivial, which means that V_ is a flat 
family of a_-stable sheaves by Lemma 1.6. V_ gives a morphism i_ : P_ — > M_. 
It's easy to see that factors through P_ — > P f <^-> M_ and that P : P_ — > P f is 
a T-morphism. □ 

By (5.1) and (5.3), we have a natural exact sequence 

— > (t q )*P ® £i — > W-lgf — > (r Q )*£ ® U -> (5.11) 
on Xgf. Similarly to the proof of the lemma above, one can show that 
Ext* ((r«)*£ ®L 2 , (r«)*^ ®Li) ^ Hom Qf ((r«)^4 T/T (f 0) g (^)), Li®^), 
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and that the homomorphism (r < ^)*Ext XT ^ T (J-'o, Go(Kx)) -» Li <g> L\ induced by 
(5.11) is surjective. Thus this gives a morphism j : Q f — > F(Ext 1 XT ^ T (J-' , Gq{Kx)))- 
One can check that j is G-invariant. As a result, descends to a morphism 

j_ : P f ^ F(Ext XT/T (F , Qo(Kx))). (5.12) 

Lemma 5.6. For morphisms i_ in Lemma 5.5 and j- at (5.12), it holds that %- o 
j_ = idpf and that j- ° i- = idp_ . 

Proof. Since 7r_ : Q f — > P f is a categorical quotient by G, i- o j_ is equal to idpf if 
and only if (i_oj_)o7r_ = i_oj® is equal to 7r_. One can readily verify this, and hence 
its proof is omitted. T-morphism i_ : F(Ext XT ^ T (J-'Q, Go(Kx))) = P_ ^ P f ^ M_ 
is induced from an Ox T - module V_ in (5.9), and hence one can find an afline open 
covering {P a } a of P_ and a morphism i a : P a — > Q f such that 7r_ o i Q = «-|(7 a . It's 
easy to show that j Q o i a = j_ o i-\p a : P Q — > P_ is equal to idp a , and hence its 
proof is left to the reader. □ 

Summing up, we get the following: 

Proposition 5.7. Fix an element f of A + (a). We define a scheme T , Ox T -tnodules 
JF and Go, and line bundles L\ and L 2 over Q f as in (5.2) and in (5.3). 

(i) P f can be regarded as a T -scheme. 

(ii) There is an isomorphism j_ : P f — > F(Ext XT ^ T (J-'o, Go(Kx))) over T such 
that Li <g> G Pic(Q f ) m (5.3) «s egwa/ to (j_ o 7r_)*0_(l), where 0_(1) 

£/ie tautological line bundle of F(Ext XT ^ T (J-'o, Go(Kx)))- 

6. AlGEBRO-GEOMETRIC ANALOGY OF yU-MAP AND 

the Donaldson polynomial 

From now on we shall consider the case of c\ = 0. Hence M_ stands for M a _ (0, C2), 
and so on. We begin with reviewing the algebro-geometric analogy //_ : NS(X) — > 
NS(M_) of //-map, which was introduced in [17]. Let C C X be a nonsingular 
curve, and #c a line bundle on C with deg(6> c ) = g(C) — 1. For a universal sheaf 
W_ of Ql s on Xqss, one can show that a complex R pr 2 ^ (ZY_ | c <8> #c) 011 Q- s locally 
is quasi-isomorphic to a bounded complex of free modules of finite rank. Thus its 
determinantal line bundle det Rpr 2 ^(W_|c <8> C ) on Q S J exists. In fact this line 
bundle descends to a line bundle C M _(C, 9 c ) y on M_, and its algebraic equivalence 
class [Cm-(C, c ) v ] G NS(M_) is independent of the choice of 8 C . It can be checked 
that the correspondence C 1— > [£m_(C, $c)] induces a homomorphism : NS(X) — > 
NS(M_). One can also construct a homomorphism //+ : NS(X) — > NS(M + ) likewise. 

Let M_ ^— M_ M + be the sequence of morphisms (3.22). For f G A + (a), we 
denote by P f the Cartier divisor 0I x (P f ) on M_, which is equal to 0^ 1 (P f ) by 
Corollary 4.6. 

Lemma 6.1. For a G NS(X), it holds that 

- 0> + (a) = J2 feA+(a) °M- «/ • a / 2 ) Ef ) 

zn NS(M_). 
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Proof. For the simplicity of notation, we prove this lemma in case of JjA + (a) = 1. 
It's easy to extend the proof to general case. Let C and 9c be as explained above, 
and 

— >W + — >U- — >G — >0 (6.1) 
the exact sequence (3.3) on Xq ss . Since U- is a flat family of torsion free sheaves, 
one can show that a Oq- ss -module U-\c is Qff-flat. By using the method of Cech 
complex, one get a quasi-isomorphism 

Lf Rpr 2 ,(W_| c ® B c ) - Rpr' 2 , L/'*(W_| C 



0c)=Rpr / 2 */'*(W_|c®0c), 



(6.2) 



where 



P r 2 



/' 



pr 2 



5 — ^ gi s 

is a fiber product. The analogy to these result about (W_,Q1 S ) also holds to 
(W+,Q S J) and (£,£>_). (6.1) gives a triangle 

Rpr 2 *(W + | c ®0c) — ► Rpr 2# (W_|c®0c) — ► Rpr 2 *(£-|c; <E> 0c) 
in D(Q S J), and hence an isomorphism 

det R pr 2 , (W_ | c ® 0c) - det R pr 2 „ ( W+ 1 c ® 9 C ) ■ det Rpr 2 *({?|c ® 0c) 

(6.3) 



0c) naturally is isomorphic to -K* + (j)* + CM + {.C,9 c y ■ Indeed, 



in Pic(Qff) is induced. 
detRpr 2 ,(W+| c 

Lemma 4.1 gives an open covering |J Q U a of <51 s , a morphism <p° : U a — > <5+, and 
an isomorphism of X[/ Q -modules : W+|t/ a — > {(p%)*U + . By (6.2) naturally 
induces an isomorphism 

det($°) : detRpr 2 ,(W + | c ® 0c)k -> det Rpr 2 „(^)*(W + |c ® 6 C ) -> 

(£>«)* det Rpr 2 ,(Z4| c ®0 c ) = (££)*< c ) v = <? + £m + (C, 9 c ) v \u a . 

In addition, if a 7^ /? then the isomorphism 



W 4 



(6.4) 



on Xtt 

u Q 



X UanUf) is given by A a/3 e r(C?^) since W+lt/^ is a flat family of simple 
sheaves as mentioned right after Corollary 3.4. One can define the rank R of a 
perfect complex Rpr 2 ^(W + |c <8> 9c), and then 

det^^odet^) : det Rpr 2 ,(W+|c ® B c )\u aP -> det Rpr 2 ,(>V + | c <g> 9 c )\u aP 

is given by A*^. This R turns out to be zero because the Riemann-Roch theorem 

implies that x(Cfc(t)> W+|c ® #c ® &(0) = f° r ever Y * £ Hence we can glue 
det($") to obtain an isomorphism 

detRpr 2 ,(W + |c® 9 C ) ~ ^£ M+ (C,^ C ) V = r^ M+ (C,^) v . (6.5) 
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From (6.2), we can get a natural isomorphisms 

detRpr 2 ,(W_| c ®# c ) -> detRpr 2<1 (W_| c <g>0 c ) = fr* C£ M _ (C, # C ) V - 

Hence by (6.3) and (6.5) 7fl(0;£ M+ (C, 9 C ) -(f>*.C M _(C,9 c )) ^ det Rpr 2 ,(£| c ®# c ). 
Q\c ® ®c is a sheaf on Cd_ C Cq SS , and so det Rpr 2l|t ((/|c <8> 9 C ) can be regarded as 
detRpr 2# jf((?|c®0c) = det j*Rpr 2 *(£| c <g> 9 C ), where 

Cd_ ( — - — Cqs« 



pr 2 



pr 2 



is a fiber product. By the Riemann-Roch theorem x(Ck(t), Q\c®Qc®k{t)) = —f-C/2 
for every t E D_. Thus the rank of a complex ~RpT' 2 *(G\c (g) 9 C ) on £>_ is equal to 
— / • C/2. In view of this we can prove that det Hpr 2 ^(Q\ c <8> 9 C ) = —{f-C/2) D_ 
in Pic(<5!_ s ); its proof is omitted. Summing up, we obtain an isomorphism 

in Pic(Qff)- Moreover, both sides in (6.6) respectively have a natural (5-linearized 
structure. One can check that (6.6) is an isomorphism of (5-linearized line bundles. 
By [25, Theorem 4] and [14, Page 87, Theorem 4.2.16] the natural homomorphism 

r : Pic(M_) -> Pic^Qff) (6.7) 

is injective, where Picq(Q s J) is the group of (5-linearized line bundles on Q S J. 
Thereby (6.6) and (6.7) complete the proof of this lemma. □ 

Now we assume that 

dim M H± (0, c 2 ) = 4c 2 - 3 X (O x ) = d(c 2 ) (6.8) 

and that 

codim(M ± , P±) > 2. (6.9) 

These assumptions can be considered to be reasonably weak by the following lemma. 

Lemma 6.2. Let Amp(X) be the ample cone of X , and S C Amp(X) a compact 
subset containing H±. If c 2 is sufficiently large with respect to S, then assumptions 
(6.8) and (6.9) hold good. 

Proof. Refer to [29, Theorem 2], [9], and the proof of [23, Theorem 2.3.]. □ 
By (6.8) we can define a multilinear map 

7± = 7±(c 2 ) : Sym d(ca) NS(X) -> Z 

by 7±(«i, • • • , Oid(c 2 )) — H±{ a i) H±(c*d(c 2 )) using the intersection number of line 
bundles on M± = M a± (0,c 2 ). Similarly, a multilinear map 

1h ± = IhM) ■ Sym d(c2) NS(X) - Z 
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can be denned by the intersection number of line bundles on M H± (0, c 2 ). 



Proposition 6.3. [17, Page 456] Suppose that X is simply connected and that 
p g (X) > 0. Then there is such a constant A(S) depending on a compact subset 
S C Amp(X) as satisfies the following: 

If °2 > A(S) and if some rational multiple of an ample line bundle H is con- 
tained in S, then 7^(02) is equal to the restriction of the Donaldson invariant 
q(c 2 ) : Sym d(c2) H 2 (X,Z) -> Z to Sym d(c2) NS(X). In particular lH (c 2 ) is inde- 
pendent of an ample line bundle H contained in Q ■ S. 

Hence from well-known argument about Donaldson polynomials, which originated 
in differential geometry, 7^(02) is independent of an ample line bundle H when 
p g (X) > and X, c 2 , S and H are as in this proposition. We would like to observe 
this independence from an algebraic geometric point of view. For this reason we shall 
study /!_(C) d<C2 ) — fj, + (C) d< - C2 ^ for a nonsingular curve C in X. We often shorten (i(c 2 ) 
to d. 

Since (6.9) both 0_ : M_ -> M_ and 0+ : M_ -> M + are birational, fi + (C) d - 
H-(C) d is equal to ^+{C) d - 01//_(C) d . For / e NS(X) , we set := (/ • C/2). 
Then Lemma 6.1 implies that 



d-l 

= E 



d— 1 



A;=0 



_/x_(C) fc -0> + (C) 



d-l-k 



(6.10) 



fe=0 



CMC) fe -0>+(C) 



d-l-k 



where [ stands for the multiplication of line bundles is calculated on M_. By 
[15, Page 297, Proposition 4], (6.10) is equal to 



d-l 

E -*7E 

feA+(a) k=0 
d-l 

= E-^?E 



_^(C)|^ t -{Cf-(C)-2^^B'} 



l<2-l-fc 



fc=0 



^/i4C)|^ f -{0^4C)-A^ f } 



1 <i — 1 — fc 



(6.11) 



since E { n £ f ' = if f and f ' are different by 2.4. 0_ and 0+ induce a commutative 
diagram 



</>+ 



T. 



Let JF and Go be 0x T -modules defined in (5.2). By Proposition 5.7 there are tauto- 
logical line bundles O f _ (1) and 0+ f (1) on, respectively, P f = P^t^^o, Qo(K x ))) 
and P~ f = P(Px^ t/t (^ ,^o(^x))). 
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Lemma 6.4. A line bundle E t(—E t ) on E f is naturally isomorphic to <fi*_O f _ (1) + 

Proof. We shorten OL (1) and C^ f (l) to, respectively, 0_(1) and 0+(l). Let L> f 
denote a closed subscheme (n_)~ 1 ( y E f ) of Ql s . Then 

Q f ^- D* ^ f n u a Q- f 

E t 



is commutative for U a C Qi s and in Lemma 4.1. By (5.3), we can rewrite the 
exact sequence (3.5) to obtain 

— > £ ® L 2 (-L> f ) — > W + U Df — > ® £i — > (6.12) 
on X D f. Next, let 

— — ► W+| (? -f — >.T — >0 (6.13) 

be the exact sequence (4.1) on Xg-r. Similarly to (5.3), there are isomorphisms 

F ~ T <g> Mi and (?' ~ £ ® M 2 

with some line bundles Mi and M 2 on . Analogously to Proposition 5.7, M 2 ®Mi V 
is isomorphic to 7r+(9+(l). Thus we obtain an exact sequence 

o — g <g> (v?+)*M 2 — (<ft)*W+li>'ntf a — ® (<ft)*Mx — 

(6.14) 

on X D t fl C/q,, pulling (6.13) back by idx x<f+ '■ X D t nUa — > X^-f. Connecting (6.12) 
and (6.14) by the isomorphism in Lemma 4.1, we get the following: 

^g Q ®L 2 (-D f ) >W+\ DtnUa *.Fo® £ik -0 



(6.15) 



Go ® (V^+)*M 2 (^)*W+| £) fny a ® (^+)*Mi 

As observed in the proof of Lemma 4.2, there is an isomorphism r a : JF <g> L 1 \u a — > 
•7"o ® (</?+)*Mi which makes (6.15) commutative. This r a induces an isomorphism 
r' a in (6.15). Because both JF and Q are flat families of simple sheaves, r a and r' a 
induce isomorphisms 

r(r Q ) : Lil^ - (^)*Mi and r«) : L 2 ® (-£>%„ - (v?+)*M 2 

of line bundles on _D f fl U a . T(r a ) and T(r^) induce an isomorphism 

r^)- 1 • r(0 : (V(-£> f )k = r cv(-£ f )k -> 

(l x ® £ 2 )k ® (^)*(m 2 ® m x v ) ~ rf.O-ii)!^ ® (^)*tt;o + (i) 

= r(ce»_(i) + 0;o + (i))| Dfn{/Q 

By (6.4) one can check that r(r Q ) _1 • T(r' a ) = T^) -1 ■ T(r' a ), and hence glue 
r(^a) -1 ' T( r a) to obtain an isomorphism 

ro El (-E f ) ~ r (0* c?_(i) + 
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of line bundles on D f . One can also check this is an isomorphism of G-linearized 
line bundles. Then we complete the proof of this lemma in similar fashion to the 
proof of Lemma 6.1. □ 

From (6.11) and Lemma 6.4 we obtain that 

^{C) d{C2) - /i+(cy (C2) = J2 ~ x r 

feA+(a) 

E kMC)|* f - {4>>-{C)\ Et + \%Ol{l) + 0-\l))} d{C2) ~ 1 ~ k \ . (6.16) 

In the following section, we shall in detail examine the right side of this equation in 
some special case. 



7. The relation to the intersection theory of F(A-) x F(A^) 

From now on, adding to (6.8) and (6.9) we assume that the irregularity q(X) = 
and that 

some section k G Y(K X ) gives a nonsingular curve /C C X (7.1) 

in view of Proposition 6.3. (We can expect this will be weakened to the condition 
p g (X) > 0; to do so, we have to adjust the assumption in Proposition 7.1.) Moreover 
we assume the following about f = (f,m,n) G A + (a): 

dim Ext ^ (F Q (g)k(t),g (g)k(t)) = L+ and dim Ext ^ (Q <g> k(t),F ® k(t)) = L_ 

(7.2) 

are independent of t G T = Pic [//2] (X) x Hilb m (X) x Hilb n (X), where JF and £ 
are (9x T - modules defined in (5.2). This assumption (7.2) holds good if, for example, 
Kx is numerically equivalent to zero, but is not weak at all in general. Assuming 
(7.2) we see that both 

A- = Ext XT/T (F , Go(K x )) and A+ = Ext XT/T (Qo, M^x)) (7.3) 

are locally free C^-modules, and hence P ±f = P(^4=p) are projective bundles over a 
nonsingular scheme T. Under these assumptions we would like to examine 

d(c 2 )-l 



E [■ 

k=0 
d(c 2 )-l 

E [*-MC)|* • {4>-»-{c) + \ c f {ol{i) + o-\i))}\ 



Ef 

(7.4) 

d-l-k 



k=0 



which appeared in (6.16). We shorten O f _(l) and Ozf to, respectively, C_(l) and 
0+(l) for the time being. Since P ±f are projective bundles over T there are line 
bundles f3± on T and integers N± such that 

li-{C)\ pi = t*_((3_) + 0_(N_) and p+{G)\p-, = r* + {(3 + ) + + (N + ) 

in Pic(P ±f ). By Lemma 6.1 and Lemma 6.4 we have 

P_t1{P- - j3 + ) + </>lO.(N.) - F + 0+(N + ) = -X^_0-(1) + 4>\o + {\)) 

(7.5) 
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in Pic(P f ). Suppose that N + ^ \ c f = (f ■ C/2). Then (7.5) implies that E t is 
0_-ample since E f(-E r ) = <f>*_0-(l) + <t>%0 + {l) is 0_-ample. By [11, II.5.1], the 
proper morphism 0_ : E f — > P f should be finite if E t is 0_-ample. This contradicts 
(6.9). Therefore as divisors on E f we have 

01//_(C)| Ef = 0*_{r!/? + 0-{-\ c f )} and 0> + (C)| £f = 0;{r +/ 3 + + {\ c f )} 

with (3 = (3_ <E Pic(T). Hence one can check that (7.4) is equal to 

J2 + 0-("A?)) fc • + + (\ < f)) d ~ 1 ~ k ] Ef = 

k=0 (7.6) 

d-l d-l-t v 7 

Ysd-iCt-^y- 1 -* J2 [/9 t -c + (i) s -c-(-i) <i - 1 - t - s ] Ef 

t=0 s=0 

by using the equation ^)* =0 s+l Q ■ d -i-s-iC s -i = d -iC t . 

Let Eq, ... , P^ be the reductions of all irreducible components of E f , and let 
P f , . . . , F* C P f x T P~ f be their image schemes by 0_ x T + : P f — > P f x T P~ f . 
[15, Section 1] implies that £to"* • C+(l) s • 0-(-l) d ' l ' l - s ] & in (7.6) is equal 
to 

X>& if + {l) s - 0_{-l) d -^- s ] F < (7.7) 

i=0 s=0 

with some rational number degj. We shorten P/ to P f for the time being. We fix 
some integer M, and divide (the right side of) (7.7) into 



M 



d-l-t 



s=0 s=M+l 



M 



/3* •£>_(-! 



,d-l-t-M 



E(o + (ir-o_(-i) M - s ) 



+ 



s=0 
d-2-t-M 



d-2-t-s-M 



s=0 



(71 



(7.8) is related to the intersection theory on P f x T P~ f = P(^4_) x T P(„4 + ) since 
P f is its closed subscheme. In this section we would like to reduce the problem of 
computing (7.8) to the intersection theory on P(^4_) x T F(A1) and F(A+) x T F(A + ) 
by choosing M suitably. The reason why we would like to do so will be explained in 
the next section. It is possible to connect P f x T P _f with P(^4_) x T P(^4^) because 
P 9 (X)>0. 

Since T is projective over C, there is a line bundle /3q on T such that coherent 
CV-modules A- <E> Po, A- <E> 2/3o and A- <g> (f3 + /?o) are generated by their global 
sections. Because /3 = {0_(1) + /3 + f3 } ~ {O-(l) + /9 } and 0_(1) = 2{<9_(1) + 
/3 } - {£L(1) + 2/3 }, one can express (3 s ■ 0_(_i)d-i-*-A' in (7.8) as 

I d-l-M 

II ( -a)+£}) 
i=i j=i 

with integers iVj and line bundles on T such that 

r_*(C?_(l) + I/}) = A- <S> is generated by its global sections. (7.9) 



(7.10) 

F { 
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Hence, in order to understand the first half of (7.8), let us examine 

[d-l-M M 

n (o_(i) + Lj) ■ j2(o + (ir • o4-i) M - s ) 

j=l s=0 

where Lj e Pic(T) satisfies (7.9). We shall denote the natural projections by p T : 
F* ^P f x T p- f ^ P ±f . (7.10) clearly is zero if d-l-M > dimp_(P f ), and so we 
can assume that d — l — M < dimp„(P f ). Then one can find nonzero global sections 
Xj e T(P f , CL(1) © Lj) = r(T,^_ © L^) such that dim(P f n pl\Ai n • • • D A,-)) = 
dimP f — j, where A,- C P f is the effective Cartier divisor of P f corresponding to Aj. 
These Xj induce a homomorphism 

®\j : L7 1 © • • • © L7^_ M - A- (7.11) 

Ai n • • • n A d _i_ M C P f is just a closed subscheme P(Cok(0 • <S>Xj)) C F(A-). By 
a general property of intersection number [15, Page 297, Proposition 4], (7.10) is 
equal to 

M 

E[f + (l)"-f-(-l)"-*] r :'(A,n...nA i _,_„ ) - (7-12) 

s=0 

On the other hand, k G T(A^x) in (7.1) induces a homomorphism 

© k_ : Al = Ext\ TlT {T^ Go) -+A- = Ext\ TjT {T^ Q Q {K X )) 

(7.13) 

by virtue of Proposition 5.1. We define I- by /_ = rk(Cok(©/t_)) and prove the 
following proposition. 

Proposition 7.1. If d — 1 — M>/_ + dimT, tnen we can choose Xj so that 

Al = Ext XT/T (F , Go) ^A. = Ext\ TlT {F Q ® -» Cok(0 ©A^) 

i (7.14) 

«s surjective. In particular, pI 1 (A 1 n ■ ■ ■ K d _i_ M ) can be regarded as a closed sub- 
scheme ofF(Al) x T p- f = F(Al) x T P(^ + ). 

Proof. Suppose that the following lemma is valid: 

Lemma 7.2. Define a closed subscheme 7$ ofT by 

teT rkCok{©/t : Ext^(^" © k(t),Go ® k(t)) -> 
Ext^ t (JF © k(t),G (K x ) © fc(i))} > Z_ +i 

T/ien codim(Ti, T) > i for alii >0. 

Then the dimension of a closed subscheme P(Cok(©/t)) of F(A-) = P f is less 
than /_ + dimT since relative Ext sheaves A- and A^_ are compatible with base 
change by the assumption (7.2). Thus if d — 1 — M>/_ + dimT, then one can 
choose Xj suitably so that A ± ■ ■ • n A d _i_ M n P(Cok (©«)) = in P f , or Lf 1 © 

• • • © L~^\_ M < ^^> A- = Ext^iT^QiQ^Kx)) -» Cok(©/t) is surjective. Hence 

also .4.+ A- -» Cok(© © Xj) is surjective, and so the proof of Proposition 7.1 
is completed. 



T 
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To prove Lemma 7.2 let us observe good properties of Hilb(X). JF ® k(t) and 
Go ® k(t) are isomorphic to, respectively, O(L) <g> Iz 1 and 0{c\ — L) <g> 7^ 2 for some 
divisor L on X t and codimension-two closed subschemes Z\ and Z 2 in JT t . The long 
exact sequence of Ext sheaves associated with a short exact sequence 

— > C(ci - L) = £ ® k(t) ^ C(ci - L + K x ) <g> 7 Za = 

^o(^x) ® fc(t) — > 0(ci - L + K x )k <E> h 2 — > 

tells us that 

rkCok{/t : Ext^(^ ® MO, £o ® MO) -> Ext^(JS ® k(t),G {K x ) ® k(t))} = 
L_-L + -hom x (I Zl ,0(c l -2L + K x )®Iz 2 ) + hom x (I Zl ,0(c 1 -2L + K x )\ !C ®Iz 2 ), 

where L± are those of (7.2). Since 

dimExt^(£ ® k{t),F <g> fc(t)) = dimExt^ t (7 Zl , £>(ci -2L + K X )®I Z2 ) 

is independent of t G T, homx(^z 1 , C?(ci — 2L + TTx) <8> ^z 2 ) is independent of t G T. 
Moreover, if t G T is so general that Z\ n /C = Z 2 fl /C = 0, then hom^T^, C(ci — 
2L + 7Gf)k<S>7z 2 ) is equal to h (O(ci - 2L + K X )\ K ), which is independent of t G T 
since ?(-X") = 0. Therefore one can show that 

rkCok{®/t : Ext^JS <g> ® MO) -> Ext^(^ ® k{t),Q Q {K x ) <g> k(t))} 

- Z_ = hom x (/ Zl , C?(ci - 2L + X x )k <g> J Za ) - h°(0( Cl - 2L + X x )k). 

Now we divide Artinian schemes Z\ and Z 2 into Z\ = W\ \\ T\ and Z 2 = VF 2 ]J T 2 
so that, set-theoretically, W\ = W 2 = D Z 2 n /C. 

Claim 7.3. 

hom x (7 Zl , 0( Cl - 27, + i^T x )k ® /z 2 ) - ^°(C(ci - 2L + K x )k) < 
1{Z X n /C) + l(Z 2 n /C) + hom x (C W2 , + homx(CVi,M®« : CV 2 -> Wa )). 
Proof. From the long exact sequence of Tor sheaves, one derives two exact sequences 
— F 2 — (9 Z2 ^> G Z2 — G Z2nx; — (7.15) 

and 

— > F 2 — > 7 Z2 k — > 7, 2 = Ker((9^ -» CW 2 ) — > 0. 
Hence one can show that 

hom x (7 Zl , 0(ci - 2L + X x )k ® 7 Z2 ) - /i°(0(ci - 2L + X x )k) 
< hom x (7 Zl , 0( Cl - 27, + X x )k) + hom x (7 Zl , F 2 ) - /i°(C»( Cl -2L + K X )\ K ) 
= [ X (I Zl ,0( Cl -2L + K x )) - x(I Zl ,0( Cl - 2L)) + ext^(7 Zl , 0( Cl -2L + K X )\ K )] 

- [ X (0( Cl -2L + K x )) - X (0( Cl - 2L)) + h\0( Cl - 2L + K X )\ K )} 

+ x(I Zl ,F 2 )+ext x (I Zl ,F 2 ) 
= ext x (I Zl ,0( Cl -2L + K X )\ K ) + l(F 2 ) + ext x (I Zl ,F 2 ) - h\Q(c x -2L + K X )\ K ) 
= ext x (I Zl , 0(ci - 2L + X x )k) - ^(©(ci - 2L + X x )k) 

+ /(Z 2 n/C) + ext^(7 Zl ,F 2 ) 
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by the Riemann-Roch theorem and (7.15). If we define F 1 by an exact sequence 
— Fl — o Zl ^ o Zl — Zl mc — 0, 

then we have that 

ext^(7 Zl , C( Cl - 2L + - ^(©(c! - 2L + K X )\ K ) 

< ext 2 x (0 Zl ,0( Cl -2L + K X )\ K ) = hom x (0( Cl - 2L)\ K , Zl ) = hom x (0 K , Zl ) 
= hom x (0/c,Fi) < W = KZiMC) 
For W 2 C Z 2 mentioned above, there is an exact sequence 

— > G 2 — > Ow 2 CV 2 — ► CV 2 n/c — ► 0. 

ext^(/ Zl ,F 2 ) = ext^((9 Zl , F 2 ) = hom x (F 2 , Zl ) naturally equals hom x (G 2 , Wl ). 
G 2 induces an exact sequence 

— ► G 2 — ► W2 — ► lm(m) — ► 0. 

This sequence implies that 

hom x (G 2 ,0 Wl ) < 

hom x (Ow 2 , OwJ — homx(Im((g)/t), CVJ + ext^-(Im(<g)/c), CVJ 
= - x(Im((8)«), Wl ) + ext£(Im(<g>K), Wl ) + hom x (0 W2 , Wl ) 
= hom x (0 Wl , Im((8)/c)) + homx(CV 2 , Wl )- 
Hence we conclude the proof of this claim. □ 
For nonnegative integers p, q and r, 



[Zi,z 2 )e 

W™ = W pgr ={ Hilb m (X)x 
Hilb n (X) 



z(Zi n/C)=p, Z(z 2 n/C) = g, 

hom(C?w 2 , CwJ + hom((9 H / 1 , Im((g)/c : 
W2 - (9 Wa )) = r 



is a locally-closed subscheme of Hilb m (X) x Hilb n (X). By the claim above, the proof 
of Lemma 7.2 is completed if we prove that 

codim(W™, Hilb m (X) x Hilb n (X)) > p + q + r. (7.16) 

Let Hilb m (X,a;) denote Hilb m (Spec(C Xi:c )) for a closed point x e X, and let Z™ C 
Hilb m (X) be a locally closed subscheme {z e Hilb m (X) | l(Z n /C) = p} for peN. 

Claim 7.4. If we prove that 

codim(W™ n [Hilb m (X,:r) x Hilb n (X, x)}, Hilb m (X,:r) x Hilb n (X,:r)) 

>p + q + r + l (7.17) 

and that 

codim(Z™, Hilb m (X)) > p, (7.18) 

then (7.16) follows. 
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Proof. The proof is by induction on (m, n). Fix (to, n) and suppose that (7.16) holds 
good for (to', n') ^ (to, n) such that to' < to and n' < n. If either to or n is zero, 
then (7.16) for (to, n) is immediate from (7.18). Hence we assume that both to and 
n are positive. We divide the proof into several cases. Let (Zi, Z 2 ) be a member of 
W™ C Hilb m (X) x Hilb™ (X) . 

First, suppose that jj supp(Zi) > 2 and jj supp(Z 2 ) > 2. Let toi, m 2 , ni and n 2 
be positive integers such that mi + m 2 = to and n\ + n 2 = n. If we define an open 
subset U mi of Hilb mi (X) x Hilb m2 (X) by 

u mi = {(z[ i] , zf ) | n z; 2) = 0} , 

then we can define a natural map (p mi : U mi — > Hilb m (X). Similarly we can define 
(p ni : U ni -> Hilb"(X). Let \/ mi - ni be an open subset of f/ mi x U ni 

{{z?\ zf\ z^\zf) I zf n z< 1J = z« n z< 2) = 0} . 

(Zi, Z 2 ) is contained in (p mi x ^(l/™ 1 -" 1 ) for some toi, rii. It's easy to prove that, 
in Hilb mi x Hub™ 1 x Hilb™ 2 x Hilb™ 2 , 

x^-'^nr^c |J w£™ x (7.19) 

(pi,qi,n) 

where (pi, r^) runs over the set of all triples such that p\ + p 2 = p, q± + g 2 = q and 
fi + r 2 = t. The inductive hypothesis tells us that the dimension of the right side 
of (7.19) is not exceeding 2(m + n) — (p + q + r), since dimHilb"(X) = 2n by [5]. 
Hence dim(W™ n (y? m! x v n *)(V m " n *) < 2(m + n) - (p + q + r). 

Unless jj supp^) > 2 and jj supp(Z 2 ) > 2, it should hold either jj supp^) = 1 
and jj supp(Z 2 ) > 2, jj supp(Zi) > 2 and jj supp(Z 2 ) = 1, supp(Zi) = supp(Z 2 ) = 
{x} or supp(Zi) Hsupp(Z 2 ) = 0. In all cases one can verify that (Zi, Z 2 ) is contained 
in a subscheme whose dimension does not exceed 2 (to + n) — (p + q + r), similarly 
to the case where jj supp(Zi) > 2 and jj supp(Z 2 ) > 2. □ 

Claim 7.5. Let us denote Z™ n Hilb m (X,a;) by Z?(x). If we prove that 

codim(Z™(:r), Hilb m (X, x))>p-l, (7.20) 

then (7.17) and (7.18) follow. 

Proof. We can prove (7.18) by using (7.20) in a similar fashion to the proof of Claim 
7.4. Shorten W™ n [Hilb m (X,x) x Ei\b n (X,x)} to W^ r n (x). If (Z 1 ,Z 2 ) e W™(x), 
then 

r = hom x (C Z2 , Zl ) + hom x (0 Zl , Im((8)K : Cz 2 -> Oz 2 )) 
< Z(Zi) + Z(Im(<g>/c)) = Z(Zi) + Z(Z 2 ) - Z(Z 2 n K) = to + n - q. 
Hence if Z™(x) ^ 0, then (7.20) means that 

2(m + n) — (p + q + r) > 2(m + n) — (p + q + m + n — q) 
—m + n — p = m — 1 — (p — 1) + (n — 1) + 1 
> dim(Z™{x) x Hilb"(X,a:)) + 1 > dim(W™(x)) + 1 

since dimHilb m (X, x) = m + 1 by [1]. Thus (7.17) follows. □ 
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Now we prove the following claim, which completes the proof of Proposition 7.1 
because of the claim above. 

Claim 7.6. For an integer % > 2 and a closed point x G X, we define a locally closed 
subscheme W™{x) of Z™(x) C Hilb m (X) by 

W™(x) = {ze Z™(x) | dim c (/z ® k{t)) = i). 

Then it holds that 

dimZ™(x) < m-q (l<q<m), (7.21) 

and that 

dimW^(x) <m- q + 2-i (2 < i, 1 < q < m). (7.22) 

Proof. It suffices to prove this in case where x G /C. The proof is by induction on m. 
It's easy to prove this claim for m = 1. Fix m and suppose that this claim is valid 
for all m' < m. Referring to [4], we here recall the incidence subvariety H mtin+ i of 
Hilb m (X) x Hilb m+1 (X): 

H rn , m+1 = {(Z U Z 2 ) G Hilb m (X) x Hilb m+1 (X) | Z x C Z 2 } . 

Let / : H m ^ m+ i — > Hilb m (X) and g : H mm+1 — > Hilb m+1 (X) be the projections. 
There is a natural morphism q : H m ^ m+ i — > X sending (Zi, Z 2 ) to the unique point 
where Z\ and Z 2 differ. They give a (birational) morphism = (/, q) : H mtTn+ i — > 
Hilb m (X) x X. By [4, Section 3] it holds that 

dim^\Z 1 ,y) = dim c (/ Zl <g> fc(y)) - 1 (7.23) 

for (Z l7 y) G Hilb m (X) x X, and that if (g,q)- 1 (Z 2 ,y) ^ then 

&im{g,q)-\Z 2 ,y) = dim c (/z 2 ® k(y)) - 2 (7.24) 

for (Z 2 ,y) G Hilb m+1 (X) x X. 

First let us show (7.21) for m + 1. Suppose that q < m. Then for any Z 2 G 
Z™ +1 (x) one can find Z : G such that {Z u Z 2 ) G # m , m+ i. Thus Z™ +1 {x) C 

g(<f)- l (Z™{x) x {x})). Z™(x) clearly is equal to [J.> 2 and so dimZ g m+1 (>) < 

maxj> 2 dim0~ 1 (W / ™( a: ) x The inductive hypothesis (7.22) and (7.23) imply 

that 

dim^-^W 7 "™^) x {x}) 

< &imW™{x) +i - l<m-q + 2- i + i- l= m-q + l. (7.25) 

Now we claim that dim Z™+l(x) = 0. Indeed, if Z 2 G Z™+l(x), then O z . 2 is isomor- 
phic to Oz 2 r\K,i which is equal to Oic/m^ 1 since K is a nonsingular curve. Therefore 
(7.21) is valid for m + 1. 

Next let us show (7.22) for m + 1. If g = m + 1 or i = 2, then (7.22) results 
form (7.21). So suppose that q < m and i > 3. If (Zi, Z 2 ) G H rntTn+ i satisfies Z 2 G 
W™ +1 (x), then Z x G Hilb m (X,a;), /(^n/C) = g-1 org, and dim c (I Zl ®k(x)) = 
i, or i + 1. Hence 

i+1 i+1 

^(^W) C IJ ^ x W) U U 4- 1 (W£(x) x {x}) . 

j=i-i j=i-i (7.26) 
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If Z l E Z™_ x {x) and Z 2 e Z™ +1 (x) satisfy Z ± C Z 2 , then J Za is equal to 

Ker(/ Zl -» -» I Zinlc = m q K l -» m^/m^ ~ C) 

since /C is nonsingular, where m^^ is the ideal sheaf of x G /C. Consequently the 
inductive hypothesis (7.22) implies that 

dimr 1 ^^) x {x})ng-\W^\x)) < 

dim W^^ar) x{x}<m-g + 3-j<m-g + l (7.27) 

since j > i-1 > 2. (7.25), (7.26) and (7.27) mean that dim(vy™ +1 (x)) < m-g + 1. 
By (7.24) we have 

dimW™ +1 (x) <m-q + l-(i-2)=m + l-q + 2-i. 

Therefore we have proved (7.22). □ 

Claim 7.6 concludes the proof of Proposition 7.1. □ 

Therefore (7.12), which is the first half of (7.8), is related to the intersection 
theory on P(^) x T P(„4 + ) if d - 1 - M > l_ + dimT. 

8. The relation to incidence varieties 

To understand (7.12) still more, let us examine subschemes F f and pZ 1 (A 1 n • • • fl 
Ad-i-M) of P f x T p- f . We denote the reduction of (pZ^Q*) = ^ 1 (-P" f ) by D f . 

Lemma 8.1. Let r : Homx Dt /D { (0 ,G(Kx)) — > -Ea^ f / Df T{Kx)) be a homo- 
morphism induced by the restriction of (3.2) to X D t. (We here shorten J~\x d{ to 
T , etc.) The extension class of the third column of (3.6) gives an element s of 

Ext^GF, $(-£>_)) = T(D f ,Extx Df/D{ (F,G(-D-))) 

~ r(D f , ^4 Df /Df (£(-£>_), ^x)) v ) 

= Hom D r(£4 Df/flf (^(^)),(!) of (-D_)) 

by virtue of Proposition 5.1. Then s o r : Homx Df /D f (0,G(K x )) — > D t(— D_) is 
zero. 

Proof. We shall appeal to some obstruction theory. For a closed point t of -D f the 
third column of (3.6) induces an exact sequence 

— Qk(t)(—D-) — > W+U Mt) — ^ (t) — (8.1) 

on Xyt)- As observed in the proof of Lemma 3.1 and lemma 3.3, the extension class 
a of (8.1) in Ext^ (-^fe(t), Gk(t)(— D-)) is the obstruction to extend a morphism 

Spec(A') = Spec{OQss/0(-D_) + m\ +1 ) — > D_ ^ V- 

to a morphism Spec(A) = Spec((9g SS /m' +1 ) — > where I is the integer in Lemma 
3.1. Next, let 

r' t : Extx(^k(t),Qk(t)(-D^) — > Ext^(& (t) , &(*)(-£>_)) 
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be an homomorphism induced by (3.2). Then r' t (a) is the obstruction to extend 
Q ®D- Oa> £ Coh.(X A ') to an A-flat family of simple sheaves on X A by [14, Section 
2. A]. Moreover, the trace map 

tr : Ext 2 x (g m ,g k{t) (-D.)) — H 2 (O x (-D_)) (8.2) 

sends r' t (a) to the obstruction to extend a line bundle det(C? ®_d_ Oa>) on X A > to a 
line bundle on X A by [14, Theorem 4.5.3]. Now Pic(X) is smooth over C, and the 
trace map (8.2) is isomorphic since rk{Q k ^) = I. Therefore r' t (a) = 0. Remark that 

Ext x (F k{t) ,g k{t) (-D_)) ; *Ex&(& (t) , &(«)(-£>_)) 

r t 

e e 
Ext^(£ fc(t) (-D_),^ fcW (i^)) v — Hom x (S fe(t) (-£>_),S fe(t) (X x )) N 

is commutative, where O is an isomorphism induced by the Serre duality (5.4), and 

r t : Kom(g k{t) (-D_),g k{t) (K x )) — > Ext^(^ (t) (- J D_),^ fe(t) (X x )) 
is defined similarly to r in this lemma. One can verify that 
Hom XD(/D( (g,g(K x )) k(t) ^ 

Rom Xm (g k(th g k(t) (K x )) r *^i a) Oq sj (-D_) ® k(t) 

is equal to (s o r) ® £;(£). Hence (s o r) ® = for every closed point t G -D f , 
which implies sor = since _D f is reduced. □ 

An exact sequence (5.9) on X P t induces a homomorphism 

r P : Hom x /p( (g , Q {K X )) -> ^ f/pf (^ ,^o ® 

(8.3) 

Lemma 8.2. 27ie image scheme of 0_ x T + : (P f ) rcd — > P f x T P~ f is contained 
in a subscheme 

P(Cok(r P )) C P^ari^/p, (0o,^o ® = P f x r P~ f 

defined in (8.3). 

Proof. We shorten (P f ) rc d to P r in this proof. There is a natural exact sequence 

0^g ®O + (l) ^V + ^ (8.4) 

on X~ f similarly to (5.9). Pulling back (5.9) and (8.4) by, respectively, 0_ and 0+, 
we have two exact sequences 

— >F ®O-{l) — >V_ — >g — >0 (8.5) 

— > 0o ® C?+(l) — >V+ — > — > (8.6) 

on X Sr . They induce two homomorphisms 

r E :Hom XEr/Er (g ,g (K x )) — > Ext XEr/Er (g Q ,F Q ® 0_(1)(K X )) and 

s £ :Ext XEr/Er (g ,F ® — 0_(1) ® <9+(l). 
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We pull them back by 7r_ : D f — > E r . Then 

n*_Hom XEr/Er (Q , Q (K X ))-+ n*_(0_(l) ® + (l)) 

/l /2 

^om XDf/Df (^,^(ir x )) — > C?£)f (—£>_) 

is commutative, where f\ is a natural homomorphism and f'2 is the isomorphism in 
Lemma 6.4. One can prove this by recollecting the way to construct + and the 
proof of Proposition 5.7. Therefore tx*_(s e r E ) = by Lemma 8.1. 

On the other hand, 7r„ : (7r_) _1 (i? r f cd ) — > £*ed = E r is a principal G-bundle 
since E f C Mf. Thereby (TT^)~ 1 (E^ ed ) is reduced, and hence (7r_) _1 (i? f ) rc d = 
D f . Accordingly 7r_ : D f — > £" r is faithfully-flat, and so 7r* (s^ o r E ) = implies 
s E or E = 0. In fact, s E gives a morphism P(s^) : E r — > P^rrt^ /B r (^o, -^(-^x)) = 
_E r x T P~ f and P(se) is equal to id x T + because of its definition. Thus s E or E = 
implies this lemma. □ 

Here we remark that F f also is contained in P(Cok(r P )) C P f x T P~ f by virtue 
of its definition and the lemma above. 

Let us proceed to study a closed subscheme pI 1 (Aifl- ■ -nA^-i-M) of F f in (7.12). 
We assume that q(X) > 0, (6.8), (6.9), (7.1) and (7.2). 

Definition 8.3. Dualizing a canonical quotient A + ®tO p -{ -» 0+(\), we have an 
exact sequence 

— ► 0+(-l) — ► A y + ® T Op-r — ► Cok+ — ► (8.7) 

on P ' f . The incidence subvariety D f of P(^® T Op-') = P(«4+) x T P(^l + ) is a 
closed subscheme P(Cok + ). 

Lemma 8.4. Suppose that the homomorphism (7.14) is surjective. Then a closed 
subscheme pZ 1 (A 1 n • • • A d _i_ M ) of P(Ext] (T ^ T (J : 'o, Q )) x T P~ f is contained in the 
incidence variety D f . 

Proof. In the proof we shorten Ai D • • • H A^-i-m to A for simplicity. From the 
assumption we have the following commutative diagram of C^-modules: 

A\ = Ext\ TjT {T^ g ) Cok(© <g> Xj) (8.8) 

A- = Ext XT/T (F ,Go(Kx)) 
This induces two closed immersions: 

P(^) — ^P(Cok(© <g> Xj)) = A (8.9) 



P(.4_) = P f 
Now we can find isomorphisms 

f :i v *Ol(l) ^i*04l) and j : — > C A (1) 
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such that 



A\ ® T O a ^ A- ®t O a — ^- Cok(© <g> Xj) ® r O a 



(8.10) 



i*(A_) 



Aa 



Oa(1) 



is commutative, where A_, A+ and Aa are the natural surjections on P f , P(v4.+) and 
A, respectively. Pull back this diagram by 0_ : E\ := 0I 1 (A) — > A, which is a 
restriction of 0_ : P^cd — > P f . The following diagram on Ea is commutative: 



0+(-l)U A can : Hom XEjE ^F Q ® O+(l),F ) 



Ul) 



A\ ® T Ea .A- ®t Oe a = Ext l XEjEA {F , G (K X )) 

(i v o</»_)*AV (io</,_)*A_ 

0* (i v ) 

OV(i) . o_(i) 



Here, / is the pull back of C+(-l) -> ^ ®t Op-f in (8.7) by E A ^ E f -> P~ f , 
is defined by using (8.6) similarly to rp (8.3), and the lower diagram is obtained from 
the left side of (8.11). Then, (io0_)*A_ in (8.11) coincides with the homomorphism 
s' E : Ext\ E , Ek {!Fq, Qq{Kx)) -» 0-(l) defined by using (8.5) similarly to s E in the 

proof of Lemma 8.4. Hence one can verify that (i o 0_)*A_ or' E = in the same way 
as the proof of Lemma 8.4, which implies (i v o 0_)*A^ o I = in (8.11). This and 
(8.10) imply that 



o + {-i)\ Ek ^a\® t o Ek 

is the zero map. By this we can conclude the proof. 



Cok(© ® A,) ® T Ea O a (1) 



□ 



For the time being we suppose a homomorphism (7.14) is surjective. Moreover, we 
assume that dimP f = dimP f = d— 1 since (7.7) is zero unless this holds good. Then, 
by the lemma above a subvariety pI 1 (A 1 n- • ■flA rf _ 1 _ M ) of P(.4.+) x T F(A + ) gives an 
algebraic cycle uj E A r (D~ f ) of the incidence variety D~ f with r = codim(pI 1 (A 1 n 
• • • fl A rf _!_ M ), D~ f ). D f is nonsingular, so we can use the intersection theory of 

D f . Because 0_(l)| Al n...nA d _ 1 _M = C , Y(l)U 1 n-nA d _ 1 _ M as mentioned in (8.10), one 
can verify that (7.12) is equal to 



M 



(8.12) 



t=o 



where ( ) D f designates the multiplication in the Chow ring A(D" f ). We shall omit 
Ci( ) from now on. Moreover, one can write uj E A r (D~ f ) as uj = ^2j= 2 bj 0^(1)^ 
with some bj E A r '- j (p- f ) = A r " j (F(A+)) because the sheaf Cok+ in (8.7) is a 



vM-t 



i-t 
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vector bundle on P~ f whose rank is L + — 1 = rk„4.^ — 1. By (8.7), (— 1) M times 
(8.12) is equal to 

L+-2 I M 

deg]T U r ^(iy -^^(l) t -0 + (-iy 

j=0 \ t=0 / d f 

L+-2 / M+j 

= degE U r ^OT(l)*^ + (-l) M+ ^ 

i=o V t=o / D 

-deg£ f6i-E^(l)'-0 + (-l)^-- 

j=0 V t=0 / D 1 

L+-2 / M+i 

= dc s E b ? ■ E °p(co k+) (i)* • o + (-i) M+ ^' 

i=o V t=o /p(Cok+) (8.13) 

-deg £ (6i-04-l) M - 1 .^<^ (Q ^)(l)'-0 + (-iy- 1 -' 

J'=0 V t=0 / P(Cok+) 

L+-2 / M-j 

= de S E 6 i • E ^-(L + - 2) ((Cok + ) v ) ■ + {-l) M +^ 

3=0 V t=Q / p-r 

- deg f; L • o + (-i) M ' 1 • E^(L + - 2) ((cok + ) v ) . 04-ir 1 - 

i=o V t=o / p-f 

Here s;((Cok + ) v ) e A'(P~ f ) is the Segre class of a vector bundle (Cok + ) v on P~ f , 
which is explained in [8, Section 3.1]. 

In general, the Chern polynomial c t (V) = Y^jLoCjiV)^ °f a vector bundle V 
satisfies that c t {Vy l = s j(V) & as power serieses. Thus the dual of (8.7) tells 
us that 

St ((cok + ) v ) • (i + e tj ) = ® T o P - t ). 

j>0 

In addition, Sj(V) — if j < 0. We see that (8.13) is equal to the degree of 

L+-2 

E i h i ' S M+j-(L + -2){A+ ® T Op-t))p_ t 
3=0 

L+-2 

- (V^(-l) M+1 ^rHL + -2)(^%Op- t )) P - ( 

3=0 (8.14) 

L+-2 

= E * S M+j-(L+-2)(-4+ ®T Op-f)) p _, , 

taking into account that j — 1 — (L + — 2) < 0. Since .4.+ is a vector bundle on T, 
% +j -(l + -2)(A ®t Op-t) = provided that M + j - (L+ - 2) > M - (L+ - 2) > 
dimT. Therefore we obtain the following proposition as a result of (7.8), Proposition 
7.1, (8.12), (8.14), etc. 
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Proposition 8.5. Ifd-1-M>l_ + dimT and M - (L+ - 2) > dimT, then the 
first term J^flo ^ n (^-8) ^ s • zero - 

Furthermore, the second term X)s=m+i °^ (^-8), 

d-2-t-M 



\d—2—t—s—r 

s=0 

clearly is zero if M + 1 > dimP~ f = L + - 1 + dimT. 



(8.15) 

Ft 



Proposition 8.6. The contribution of E f to fi_(C) d{c2) - fi + (C) d ( C2 \ that is (7.4), 
is equal to zero if d > L + — l_ + 2 dimT. 

Proof By Proposition 8.5 and (8.15), (7.8) is equal to zero if M < d— l — — dimT 
and M > L + — 2 + dimT. One can find such an integer M if d — 1 — Z_ — dimT > 
L + -2 + dimT. □ 

As observed before Claim 7.3, 

I- =L- -L+- hom x (I Zl ,0( Cl -2L + K x ) ® Iz 2 ) + h (O( Cl -2L + K X )\ K ) 
= - x(I Zl ,0( Cl -2L + K x ) ® I Z2 ) -L + + h (O( Cl -2L + K X )\ K ), 

pp where L and Z { satisfies that (\2L — c 1 \,l(Z 1 ) : l(Z 2 )) = f = (/, m, n). From 
the Riemann-Roch theorem and Clifford's theorem [13, Theorem IV. 5. 4], we deduce 
that 

I- + L + = -/•(/ - K x )/2 + (m + n )- X iP x ) + h\0{ Cl -2L + K X )\ K ) 
<-/•(/- K x )/2 + (m + n)- X (O x ) 

+ m&x(-K x ■ f, (K x - f) ■ K x /2 + 1, 0). 

On the other hand, dimT = dim(Pic(X) x Hilb m (X) x Hilb n (X)) = 2(m + n) and 
m + n = c 2 + (f 2 — cf) I '4 since (/, m, n) £ A + (a). Therefore one can verify that 

d - (L+ + Z_ + 2 dimT) > -c 2 - (3/4)/ 2 - 2 X (O x ) + mm(±K x ■ f/2, -K 2 x /2 - 1). 

(8.16) 

Now fix a compact subset S in Amp(X). Then one can find a constant do(S) 
depending on S such that \ f ■ K x \ < do(S) ■ a/—/ 2 if W$ fl S 7^ 0, as shown in the 
proof of [23, Lemma 2.1]. Hence one can find constants di{S) and d 2 {S) depending 
on S such that if — f 2 > (4/3)c 2 + di(«S) v /c 2 " + d 2 (S), then (8.16) is greater than 
zero. 

Therefore we arrive at Proposition 0.1 in Introduction, which is the observation 
of Proposition 6.3 in algebro-geometric view. 

Remark 8.7. Suppose that X is K3 surface and that assumptions (6.8) and (6.9) 
hold good for (0,c 2 ). Then (7.1) and (7.2) are always valid, and furthermore, the 
homomorphism (7.14) is always surjective. (It is not necessary to assume that 
d— 1 — M>/_ + dimT.) Thus one can prove (c 2 ) = r )H + {c2)- 
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